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ABSTRACT. Let p > 3 be a prime and a,b € Z. In the paper we mainly determine the
number V,(z* + az? + bx) of incongruent residues of ¢ + ax? + bx (z € Z) modulo p
and reveal the connections with elliptic curves over the field Fj, of p elements.

MSC: Primary 11A07; Secondary 11A15,11E25,11L10,14H52,11Y11
Keywords: The number of incongruent residues; Quartic polynomial; Congruence;
Elliptic curve

1. Introduction.

Let Z be the set of integers. For a positive integer m and given polynomial f(x)
with integral coefficients, denote the number of incongruent residues of f(x)(z € 7Z)
modulo m by V,,,(f(x)). That is,

Vi (f(@)) = [{c]|c€{0,1,... ,m—1}, f(z) = c (mod m) is solvable}|.

Let p > 3 be a prime, a1, as,a3 € Z, and let (%) be the Legendre symbol. In 1908
R.D. von Sterneck[St] proved that if a? # 3as (mod p), then

_sz(g)' (1.1)

This result was rediscovered by the author ([Sul, Theorem 4.3]). See also [K]| and
[MW1]. In the paper we give a general result for V,,, (2% + a12? + asx + a3), where m
is a positive integer.

Vo(2® + arz? + agw + a3) =
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For the general quartic polynomial z* 4+ a12% 4+ asx? + azx + a4 let
a = 16ay — 6a7, b= 8(8az — 4ajas + a}), ¢ = 256a, — 64aia3 + 16a3as — 3a]

and X = 4x + a;. Then we find

1
x4+a1x3+a2x2+a3x—|—a4:%(X4+aX2+bX—|—c) (1.2)

and so
Vo(z* 4+ a12® + agz® + azx + ay) = Vp(2* + ax® + bx + ¢) = V,(z* + ax® + bz). (1.3)

Hence it suffices to discuss V,(z*+az?+bz). In [MW2] K. McCann and K.S. Williams
showed that

3p+0(1) ifptaandp]|b,

2p+O(yp) ifptb.

For a general estimate for V,,(f(z)) one may consult [BSD].
For a,b,c € Z let

V,(z* + az® + bx) = {

D(a,b,c) = —(4a® 4 27b*)b* + 16c(a* + 9ab® — 8a’c + 16c?). (1.4)

It is known that D(a,b,c) is the discriminant of z* + az? + bz + ¢ and 23 + 2ax? +
(a? — 4c)z — b2, From [Sk, Leo] and [Su3, Theorem 5.8] we have the following basic
result for quartic congruences.

(1.5) Let p > 3 be a prime, a,b,c € Z and p 1 bD(a,b,c). Then the congruence
2* 4+ az? + bz + ¢ = 0 (mod p) is unsolvable if and only if there exists an integer y
such that y° + 2ay® + (a® — 4¢)y — b* = 0 (mod p) and () = —1.

On the basis of this result, in the paper we try to determine V,(z*+az?+bx)(a,b €
Z) for any prime p > 3 and obtain some explicit formulas.

Let [a] denote the greatest integer not exceeding a. Let #E, (23 — Az — B) be the
number of points on the elliptic curve E, : y? = 2% — Az — B over the field F, of p
elements. We list the following typical results in the paper.

(1.6) V,(z* — 622 + 8z) = [51’;7}.

(1.7) If p = 2 (mod 3) and p 1 b, then V,(z* + bx) = [5%17}.

(1.8) If p=17 (mod 12), pt b and p = A? + 3B% (A, B € Z) with A =1 (mod 3),
then

(5p+ 7+ (—1)171;27 -6 —4A) if 23 = 2b (mod p) is solvable,

VE,,(:L‘4 +bx) = ) .
(5p+1+2A) if 23 = 2b (mod p) is unsolvable.

0ol 00|

(1.9) If p=1 (mod 12) and p = A2 + 3B?(A, B € Z), then

(5p+9— (~1)"= -6) if B=0 (mod 3),

(5p+ 3 +6DB) if B=1 (mod 3).
2
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(1.10) If p = 1,9 (mod 40) and so p = s + 5t? for some s,t € Z, then

5) 3 1—(-1)
Vy (2t — 42?4+ 4x) = p; + (2 )

(1.11) If pt ab, m € Z and a®>m = b (mod p), then
Vo (z* + az? + bx) = V,(z* + ma? + m>x).
(1.12) If p =7 (mod 120), then

Vp(z" — 42 +42) = —(3p — 1 + 2#E,(2° — 122 — 11)).

oo | k=

(1.13) If p =5 (mod 12), then

2557 11

1
Vo (z* =322 +3z) = = (6p+ 6 + 2
il )=3( (=

) — B, (2 — 122 + 20)).

(1.14) If p = 5 (mod 12) and p = ¢ + d? with 2 | d, c+d = 1 (mod 4) and
¢ =d (mod 3), then

Vp(z* — 32% 4 22) = = (5p + 3 — 2d).

co|

2. On the value of V,(z* + az? + bx) when p is prime.
Let p be an odd prime and az = ¢ (mod p) with a,c,x € Z and p { a. Throughout
this paper we use (C/Ta) to denote the Legendre symbol (%)
Let a1,az,a3,a4 € Z. Since 22 = x (mod 2) and 23 = x (mod 3) we see that
Vo(z* + a12” + aza® + asz + a4)

=Va((1+ a1 +az +az)r + aq) = (3 + (_1)a1+a2+a3)/2
and

Va(z* + ar2® + agz? + azr + ay)
1 if ay =2 (mod 3) and 3 | (a1 + a3),
= Va((1 +a2)z® + (a; +a3)x) ={ 3 if ag =2 (mod 3) and 31 (a1 + a3),

2  otherwise.

Let p > 3 be a prime and a,b € Z. To determine the value of V,(z* + az? + bz),
we first deal with the simple case b = 0 (mod p).
3



Theorem 2.1. Let p be an odd prime, a € Z and pta. Then
|:3P +7— 2(%&)

Vp(z* + ax?) = 3

Proof. Clearly
Vo, (z* + az?)
+1 1
=2 {(w,y) | 2% + az® = y* + ay® (mod p), = #y,

2 2
2y €01, (p-1)/2}}|

1
5‘{ z,y) | 2* +9* = —a (mod p), = £y, z,y € {0,1,... ,(p—l)/Q}}‘
—I— 1 1
_rr2 5‘{:}33} }x + 4% +a=0 (mod p), acyE{O,l,...,(p—l)/Q}H
1
+§H x x)|2x2+a50(modp), z e {0,1,... ,(p—l)/2}H
(p—1)/2
p+1 1( (—2a)> 1
=y 1+ (=) =2 1.
2 + 4 + P 2 ;)
(=2=2)—0,1
Observe that
(p—1)/2 (p—1)/2 p+1
S ooy e
235:0 293:0
(=5—%)=0,1 (=5)=-1
and (p—1)/ (r=1)/ (p—1)/
p—1)/2 p—1)/2 p—12_2_ 1+—_a
Sy 1=y (e
2:n:O 23::0 =0 p
(=55=2)=0,1 (=5)=-1
We see that
(r—1)/2 (r—1)/2 —a
”Z Lo (el pz (—Q:Q—a>+1+(7) |
=0 2 2 =0 p 2
(=2=2)=0,1

From [BEW, p. 58] we know that S"P_} (%) = —1. Thus
(p_zl)/z (ﬂ) - (24 + <p—21>/2 <ﬁ) - (29 + 1 (=9

- ()3 EDEE-0)
-()+3G) (- G) -3 (-G
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and hence

2:Ac:0
(=22=2)=0,1

ior- ()23

Now combining the above we obtain

Voot +az?) = 21 4 5D —1<p+2— (—?1)”(__@»

2 4 8

=51 (5)+2(5)(() 1)

3 7T—2(=¢
- [T 5]

as asserted.
Let D(a,b,c) be given by (1.4). Then clearly

a’D(a,b, c) =2ab*(a® 4 12¢)? + 4¢(2a® — 8ac + 9b*)?

2.1
— 3b%(a® + 12¢)(2a® — 8ac + 9b?). 21)

From [Su3, Lemma 4.1] we have

Lemma 2.1. Let p > 3 be a prime, a,b,c € Z, p1b and p | D(a,b,c). Then the
congruence (*) 3 + 2ax? + (a® — 4¢c)xr — b* = 0 (mod p) has three solutions. If
p| (a? +12¢), then x = —2a/3 (mod p) is the triple solution of (). If p1 (a® + 12¢),
then the three solutions of (%) are given by

9v? — 32ac  2a® —8ac+ 9*  2a® — 8ac + 9b*
x = ,— ,— (mod p).
a? + 12¢ 2(a? + 12¢) 2(a? + 12¢)

Lemma 2.2. Let p > 3 be a prime, a,b € Z, p{ b, and let R, be a complete set of
residues modulo p. If 6(a,b,p) is the number of those ¢ € R, such that p | D(a,b, c)

and the congruence x> +2ax?+ (a®? —4c)xz —b*> = 0 (mod p) has a quadratic nonresidue
solution, then

d(a,b,p) = Hy ‘ 2y° 4 2ay® + b* = 0 (mod p), (%) =—1,y€ Rp}‘.

Proof. We consider the following two cases.
Case 1. 8a% + 27b* = 0 (mod p). In this case, for ¢ € Z we have

8 2
20 — 8ac + 9b* = 24> — 8ac — §a3 - 3a(
5

+ 12¢) (mod p).



This together with (2.1) yields

2 4a?
a®D(a,b,c) = (a* +12¢)*{2ab* - 352( 3"’)+4 g}
16
= a + 12¢) 2{4 <— >+§a20}

16 ,

=5 <c ga )(a +12¢)? (mod p).

As ptb we have p{a. Thus

a? a?
p]D(abc)<:>c—T(modp) or CE—E(modp).

Clearly

23 + 2a2% + (a® — de)x — b?

_ { (m—i—%“)g (mod p) ifcz—% (mod p),

- a 2 a j— a

(z—9) (z+3) (mod p) ifc= QT (mod p).

Since b? = 287 3 (mod p) we see tha —%“ and —%“ are quadratic residues modulo
p. Hence § is a quadratic nonresidue modulo p if and only if (_?2) = —1. Thus, by

the above and the definition of §(a, b, p) we obtain

sas =31 ()

On the other hand,

20\ 2
2y + 2ay® + b = 29 + 2ay? —%a —2<y—§><y—|—?a) (mod p).

So we have

Hy | 2y 4 2ay® + b* = 0 (mod p), <%) =-1,y€ Rp}‘

— %(1 _ (%)) =d(a,b,p).

Case 2. 8a® + 270> # 0 (mod p). Let ¢ € R, be such that p | D(a,b,c). We
assert that p { (a? + 12¢). If p | (a® + 12¢), by (2.1) we have ¢(2a® — 8ac + 9b?) =
(8a® 4 27b%*)¢/3 = 0 (mod p). Thus p | ¢ and hence p | a. Applying (1.4) we see that
p | b. This contradicts the assumption pt 8a® + 27b. Thus the assertion is true.

Since a? + 12¢ # 0 (mod p), from Lemma 2.1 we know that the three solutions of
the congruence z3 + 2ax? + (a? — 4c)x — b*> = 0 (mod p) are given by

9% — 32ac (mod p) and 2a3 — 8ac + 9b?
1= —"—+—""(m nd zo =x3=—
! a? + 12¢ P 2T 2(a? + 12¢)

(mod p).
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As z12203 = b? (mod p) we see that (24) = 1. Set

—2(a? 4+ 12¢)(2a3 — 8ac + 9b2)>

C’:{c‘p|D(a,b,c), < )

=-1, ce Rp}.

Then §(a, b, p) = |C|. It is easily seen that

2( 2a3—8ac—|—9b2)3 5 ( 2a3—8ac+9b2)2 B2
2(a? 4 12¢) 2(a? + 12¢)
8a® + 270 3 2 2 4 2 3 2\7,2
— m(%&; —128a”c® + 16(a* + 9ab*)c — (4a® + 27b%)b%)
8a + 2702

= mD(a, b, c).

Thus, if ¢ € C, then the congruence 2y% + 2ay?® + b*> = 0 (mod p) has a quadratic
nonresidue solution y = —(2a® — 8ac + 9b?)/(2(a® 4+ 12¢)) (mod p). Conversely, if y is
an integer such that 2y3 + 2ay? + > = 0 (mod p) and (%) = —1, then y # § (mod p)
since p 1 8a®+27b. Let ¢ € R, be given by ¢ = —(2a3+9b*+2a%y) /(24y—8a) (mod p).
Then clearly y = —(2a® — 8ac + 9b?)/(2(a® + 12¢)) (mod p) and so p | D(a,b,c) by
the above. Thus ¢ € C. Now it is clear that there is a one-to-one correspondence
between C' and the set S = {y | 2y® + 2ay® +b* = 0 (mod p), (%) = ~1, y € Rp}.
This yields d(a, b, p) = |C| = |S|, which completes the proof.
Now we can prove

Theorem 2.2. Let p > 3 be a prime and a,b € Z with p1b. Then

et s )= Lo 1 st 35 ((2) <) (20

where
d(a,b,p) = Hy ’ 2y + 2ay* + b* = 0 (mod p), (%) =-1, ye{0,1,... ,p— 1}}’

Proof. For a polynomial f(x) with integral coefficients we let N,(f(x)) denote the
number of solutions of the congruence f(z) =0 (mod p). Let R, = {0,1,... ,p—1}
and let a(a, b, p) denote the number of ¢ € R, such that 3 + 2ax? + (a? — 4c)z — b =
0 (mod p) has a quadratic nonresidue solution. Since

V,(z* + az® + bx) = Hc | 2t + ax? + bz + ¢ = 0 (mod p) is solvable, ¢ € Rp}‘,
7



we see that
p — Vy(z* + ax® + bx)

{c | Np(z* 4+ az® + b +¢) =0, CERPH
{c | pt D(a,b,c), Ny(z* +ax® +br +¢) =0, c€ Rp}‘ (by [Su3, Lemma 5.1])

{c | p1D(a,b,c), 3+ 2ax? + (a* — 4¢)z — b* = 0 (mod p) has a quadratic

nonresidue solution, ¢ € Rp}‘ (by(1.5))

ala,b,p) — Hc | p| D(a,b,c), z° + 2a2” + (a® — 4c)z — b* = 0 (mod p)

has a quadratic nonresidue solution, ¢ € R,,H
ala,b,p) —d(a,b,p) (by Lemma 2.2).
Thus,

Vo(z* + az® + bx) = p+ 6(a,b,p) — a(a, b, p). (2.2)
If 1, 29, x3 are distinct integers such that
b? b? b2
r? + 2ax1 +a® — — = 23 + 2ax9 + a* — — = 23 + 2ax3 + a* — — (mod p),
T1 T2 L3

then clearly xywow3 = b2 (mod p) by Vieta’s theorem. This implies that (%) =
) = (%) = —1 does not hold. From this we see that

(

Z2
p

p

a(a,b,p)

+2ars +a? — - (mod p), (22) = (

{ ’ 23 + 2ax2 + a?x — b2
cle=

1z (mod p), (

T8

)z—l, CERPH
2

b
{c’czx2+2ax+a2—; (mod p), (%) = —1, CGRPH

{x!(f):—l xGRH—lH(x z2) | 27 + 2ax —l—a2—£:x2

» ) D 9 1,42 1 1 Il_ 2
2

x2

) = —1, x1 # T2, 71,72 € Rp}
b

X2 b

p—1 1 ¢
5 5‘{(551,362) } xr1 + w2+ 2a+ vy 0 (mod p),
<ﬂ> = (ﬁ) = —1, T 7£.r2, T1,To € Rp})
p p
p—l 1 2 2
3 {(asl,xg) } x175 + (20 + x1)z122 + b = 0 (Mod p),

(3)=(3)= o )

p_l _ N_(S(aabap)

2 2 ’



where

N = H z1, ) | 212°+(2a+x1)z12+b” = 0 (mod p), (;) =(=)=-1,z1,z € Rp} :

Thus, by (2.2) we have

p—l N N_(s(a7bap)>
2 2

_ %(p+1—|—5(a,b,p)—i—N). (2.3)

Vo(a' + az® + bx) = p + 6(a, b, p) — (

Suppose 1 € R, and (%) = —1. Set A = (2a + r1)%2? — 4b%z1. Then clearly
A # 0 (mod p) and

Np(z12® + 2a + z1)z12 4+ b%) =1+ (%)

If (%) = 1, then the two solutions xs, x3 of the congruence z12%+ (2a+x1)z12+b* =
0 (mod p) satisfy the relation zox3 = Z—i (mod p). Hence (%) ()= () =-1. So

N = Hml ‘ (%) — 1, (%) —1, = eRpH
()~ () ey

From this it’s easy to see that

5 (1= () (- () == ()

relly

we have

Thus, noting that > cp ( ) = 0 we obtain

v E 0- G0 (=) -+ ()
:%{p—l—k(_?l)_ 3 <$($+2a)2—462> (% ( z(z + 2a)? 4b2>}

TzeER)p p TERy

S N(CRDICE e

This together with (2.3) gives the result.
From Theorem 2.2 we have




Theorem 2.3. Let p > 3 be a prime, a,b € Z and p { ab. Then V,(z* + az? + bx)
depends only on p and b?/a® (mod p). Moreover, if k € Z and k = b?/(2a®) (mod p),
then

V,(z* + az? + bx)

-1

1 p1 P\ = /2% — (18k + 3)z — (27k> + 18k + 2)

— g{5p+2 (=) + 45(k, p) + (5) I_O( ; )
-1

B (12> pz: <x3 — 3k%x + k3(27k + 2))}
3 :

=0 p

where
_ 3 2 _ Ty _ _
5(k,p) = Ha; | 23+ 4kz+8k2 = 0 (mod p), (p) — 1, ze{l,2,....p 1}}‘. (2.4)

Proof. Let R, = {0,1,...,p — 1} and let 6(a,b,p) be given as in Theorem 2.2.

Since (2;’“) = 1 we see that

d(a,b,p) = Hx | 2(2akz)? + 2a(2akz)? + 20’k = 0 (mod p), (%) =-1, z€ Rp}

= [{ | 8K%% + 4ka® +1 = 0 (mod p), (%) =1 € Ry}

= o(k,p)-
On the other hand, observing that z(z +1)? — k = 5= ((3z+2)® — 3(3z +2) — 27Tk — 2)

we obtain
Z (a; r + 2a)? 462)
—1

Zzz:l <2ax (2ax +p2a) 41)2) ::Z;; <S) <$(x+;)2 —k:)
:mzo (%)(m(x +;) —k;) B (—?1>
_ E) L, <27((3x+2)3—3(3x+2) —27k—2)> - <_?1>

et p
3

(

:<£>;<x —3:1:}—)271:—2)_(—?1)
(
(

—3\ x= [ k323 4+ 3k 4 k3 (27K + 2) ~1
D)5 (e )-(3)

)p_l (m —3k2x+k33(27k—|—2)> B (—1>‘
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Also, since y3 +y? —2ky+k? = —5-((—3y—1)® = 3(6k+1)(—3y— 1) — (27k? + 18k +2))
we have

> (5) (e
{é<229”><2”(2“””*i””2‘4b2>=§<%><W>
-5 () - :c““* i)

_ _ () (e 1)* — 3(6k + iy =) - T+ 15k +2))
(5 ()

Now putting all the above together with Theorem 2.2 yields the result.

Corollary 2.1. Let p > 3 be a prime, a,b € Z and p t ab. If m is an integer such
that a®m = b* (mod p), then

V,(z* + az? + br) = V,(z* + ma? + m?z).

Proof. This is immediate from Theorem 2.3.

For any prime p > 3 let I}, be the field consisting of residue classes modulo p, and let
#E, (2> — Ax— B) be the number of points on the elliptic curve E,, : y* = 23— Az—B
over F,.

Corollary 2.2. Let p > 3 be a prime, and k € Z with pt k. Then
Vy(2* + 2ka? + 4k?x)
1 p—
- é{5p 24 (1) +46(k, p) + (g) (#E,(® — (18k + 3)x — 27k* — 18k — 2)

— #E,(2° — 3k*x + k> (27k + 2))}},

where 0(k,p) is given by (2.4).

Proof. Let f(x) be a polynomial with integral coefficients, and N,(y?> = f(z ))
denote the number of solutions (z,y) of the congruence y?> = f(x) (mod p) It
11



easily seen that

p—1 p—1 p—1 p—1
Np(y? = fl@)= D 1+2 L=p+ - > 1

z=0 =0 =0 z=0

(Hh=0 (Hh)=1 (=1 (Fh=—1

p—1
x
z=0 p
Thus for A, B € Z we have

3 — Ar — B

p—1
#Ep(xS—Ax—B):1+Np(y2:x3—Aac—B):p+1+Z( ”

=0

). (2.5)

Now putting a = 2k and b = 4k? in Theorem 2.3 and then applying the above we
obtain the result.
Remark 2.1 Let p > 3 be a prime, k € Z and pt k. By (2.5) we have

p—l 3 2 3

— 3k%x + k% (27k + 2
#Ep(x3—3k2x+k3(27k+2)):p+1+z<f’f :v+p (27k + )>
=0

p—1 3 2 3
kx)® — 3k* - kx + k°(27k + 2
=P+1+Z<( ) . ( ))
x=0

:p+1+<§)§<x3—3x;27k+2)

:p+1—|—(g)(#Ep(x3—3x+27k+2)—p—l).

Hence

H#E,(2° — 31 + 27k + 2) if (

k
E,(z° — 3k*x + k°(27k + 2)) = :
H#E,( ( ) 2p+2— #E,(2 — 3z + 27Tk +2) if (&) =-1.

From Corollary 2.2 we have

Corollary 2.3. Let p > 3 be a prime, and k € Z with pt k. Then

#E,(2° — 3k%2 + k*(27k + 2)) — #E, (2> — (18k + 3)x — (27k* + 18k + 2))

= 46(k,p) +2 — 2(%2) (mod 8).
12



Proof. From Corollary 2.2 we see that

#E,(2° — 3k%x + k*(27k + 2)) — #E, (2 — (18k + 3)x — (27k* + 18k + 2))

= (5) (24 (5) +00) = () (- (57) +2(1- (57)) +49060)
=13 (5)) 30 (5)) + k)
(530G +30-(5) +own)

4(2(1 ~( pz)) +5(k.p)) (mod 8).

So the corollary is proved.
Conjecture 2.1. Let p > 3 be a prime, and k € Z with p{ k(27k + 4). Then

#E,(2° — (18k + 3)x — (27k* + 18k + 2)) = 0 (mod 3).
Theorem 2.4. Let p > 3 be a prime. If a,b € Z, ptab and 8a® = —27b* (mod p),

then P
Y/p(x‘l-l-axz—i-b:v):[p ]
8
Proof. Let k € Z be such that k = % = —% (mod p). Then clearly

16 8-16 4N 2 8
3 2 = 3_ _ = —_ - —
xz° +4kx + 8k = 27x+ 572 (x 9) (a:—i— 9> (mod p).

From this and (2.4) we see that

=0~ ()

On the other hand, setting x = %y we find

48 128 64 12
32+ K27k 4 2) = 4P — g o — ( _= )
¥ =3+ QIk+ D) ="~ ot o = s (V0 - gyt 5

4
= 59 —(v* — (18k + 3)y — (27k* + 18k + 2)) (mod p).

Thus,

2 —3k2 + K3 (2Th +2)\ %= fa® — (18K + 3)z — (27k2 + 18k + 2)
> ; ) =2 ( ; )

Now applying the above and Theorem 2.3 we get
1 -1 -2
V(24 + az? + bx) = —{5p—|—2+ (—) +2(1 - (—))}
8 p p
1 —2 -1 op + 7
= §{5p+4‘2<7> + <7>} = "5

13

This proves the theorem.



Corollary 2.4. Let p > 3 be a prime. Then

5p—|—7].

V,(z* — 622 + 82) = [ 3

Proof. Putting a = —6 and b = 8 in Theorem 2.4 we get the result.

Theorem 2.5. Let p > 3 be a prime, and a,b € Z with p1b. Then
5 1 15
V,(z* + ax? + br) — gp < 5\/1_9+ 5

Proof. If p { a, letting k = b?/(2a®) (mod p) and then using Theorem 2.3 we see
that

18V, (z* + az® + bx) — 5p|

. ]2+ (—?1> +45(k7p)‘ . ‘i’g(ﬁ—(18k+3)x;(27k2+18k+2))‘

Pl a3 3k 4 k327K + 2
#| T ()]

By Weil’s estimate ([BEW, p.183]) we have

pil<x3—(18k+3)x—(27k2+18kz+2)>’<2\/]_?
=0 p a
and
p—l 3 2 3
v% — 3k%x + K3(27k + 2)
< .
‘;)( p )‘_2\/]_)
As 0 < 0(k,p) < 3, applying the above we obtain
5! 2+1+4-3 4 1 15
Vilat as® i) - B < T P S 2

If p | a, then V,(z* + ax? 4 bx) = V,,(z* + bz). It follows from Theorem 2.2 that

8V, (z* 4+ bz) — Bp

:3+45(0,b,p)+pi (%) (#) —pi (#)'

14



Since

pi <x4 —4b2x> _pil <1 —4b2/x3> _p_l (1 —4b2t3>
=1 p =1 p t=1 p

1

()5 () - () S ()
(D)D)

~+~
Il
_
8

we see that

8V, (z* + bx) — 5p

“2e () rwoan s (2T ()T 0

=0 =0 p

Thus, using Weil’s estimate we also get

18V (z* + az® + bx) —5p| <2+ 1+4-3+2y/p+2\/p.
This yields the result and hence the proof is complete.
Theorem 2.6. Let p =2 (mod 3) be an odd prime, b € Z and ptb. Then

5p;7].

Vp(z* + bz) = [
Proof. Let

5(0,b,p) = Hy ’ 2y 4+ b = 0 (mod p), (%) =-1, ye{0,1,... ,p—l}}’.

Since p = 2 (mod 3) we know that the congruence 2 =t (mod p) has one and only
one solution for any given integer t. So we have

000 = 11~ ()

. Pl emy B y+my Bz

;( ; >:y§( ; >:§<E>:O for m e Z. (2.7)
Hence, by (2.6) we have

‘/},(x4+bx):%{5p+2+(—1)21—}—2(1—(_?2))}

This completes the proof.
15



Theorem 2.7. Let p = 1 (mod 3) be a prime, p = A?2 + 3B*(A,B € Z), A =
1 (mod 3), beZ and ptb.

(i) If p=1 (mod 12), then
(5p+9— 6(—1)1)1;21) if 2b is a cubic residue (mod p),

1
Vp(z* +bx) = { : L
1(5p+3£6B) if (26)5 = 5(~1F 5) (mod p).

(ii) If p=7 (mod 12), then

(5p+ 7+ 6(—1)T= —4A) if 2b is a cubic residue (mod p),

1
Vp(a' +bz) =9 3 o , ,
s(5p+1+2A) if 2b is a cubic nonresidue (mod p).

Proof. Let a € Z be such that p t a. The cubic Jacobsthal sums ¢3(a) and ¥3(a)
are defined by

p— 3 p—1 3
T\ /x° +a r°+a
¢s3(a) = — and =
() =3 (5)(F57) md wste) = ()
It is clear that
p—1 3 p—1 1 p—1 3
a 1y z\ (ar® +1\ a+ 73\ y>t+ay
G- 2 O -5 12 8 (220
From [BEW, Theorem 6.2.10, pp. 195-196] we have
-1-2A if a is a cubic residue (mod p),
¢3(a) = P A (2.8)
-1+ A+3B ifas =4(—1£%) (mod p).
Hence
—1-24 if a is a cubic residue (mod p)
a -1 )
— a) = a = _ 29
<P>w3( )= ala”) {—1+A:i:3B ifa%lzl(—1$%) (mod p). (29)

Observe that (le)Q)pT_1 = (2b)_pT_1 (mod p). From (2.6) and the above we deduce that
8V, (z* + bz) — 5p — 3 — 45(0,b,p)
—2b i 1 —4p? 1
- (7)%(—%) — (=) = 05— o) = (- )95~ 32)

p
—1-2A- (_71) (—1—2A) if 2b is a cubic residue (mod p),
| 14 A4£3B- (SL)(-1+AF3B) if (20)°5 =4(-1F4) (mod p).

16



This together with the fact

6(0,b,p) = Hy | Y = —% (mod p), (%) =-1,ye{0,1,... ,p—l}}’

B { 3 if (%2) = —1 and 2b is a cubic residue (mod p),
0 otherwise
3 if p=7,13 (mod 24) and 2b is a cubic residue (mod p),
- { 0 otherwise

yields the desired result.

Let p be a prime of the form 3k + 1. Assume p = A% +3B2 and 4p = L? 4+ 27M?
with A, B, L, M € 7Z. If 2 is a cubic residue of p, it is well known that 3 | B, 2 | L
and 2 | M (see [IR, p. 119]). Thus

L 3M 2B

A=+T, B=+"— L=424 M =+"". 2.1
27 27 Y 3 ( O)

If 2 is a cubic nonresidue of p, then 31 AB and 2t LM. Thus we may choose the
signs of A, B, L and M such that

L=1(mod3), M=L (mod4) and A=DB=1 (mod3).

Now it is easy to check that

L_49M, B:L+43M, L=A+3B and M:B;A.

In [L1], E. Lehmer showed that 255 = (L+9M)/(L —9M) (mod p). (See also [IR,
p. 137] and [Sul, Theorem 2.1].) Thus applying (2.11) we obtain

;1 (A+3B)+9(B-A)/3 —1+3B/A _~1-A/B
T (A+3B)-9(B-A)/3 2 - 2
Now from Theorem 2.7 and (2.12) we have
Corollary 2.5. Letp =1 (mod 6) be a prime and p = A%+ 3B? with A =1 (mod 3)
and B=0,1 (mod 3).
(i) If p=1 (mod 12), then
15p+9—(-1)"= -6) ifB=0 (mod 3
ety - | BE O (CDF6) i B=0 (mod 3),
+(5p+3+6B) if B=1 (mod 3).
(ii) If p=7 (mod 12), then
1Gp+7+(~1)"7 -6 —44) if B=0 (mod 3),
$(5p+ 1+ 2A) if B=1 (mod 3).

A=

(2.11)

(mod p).  (2.12)

it 20~

Remark 2.2 Suppose that p = 1 (mod 3) is a prime and p = A% + 3B? with
A =1 (mod 3). If 2b is a cubic nonresidue of p, using (2.11) and [Sul, Theorem 2.1]
we can determine the sign of B so that (2[))%1 =1(-1- %) (mod p) and hence
Vp(z* + bz) = £(5p+ 34 6B) for p =1 (mod 12).

17



Theorem 2.8. Let p be a prime greater than 3. Let a,b € Z be such that p{ab and
= —4b? (mod p) (for example a = —4 and b= 4). Let

(0 ifp=7,17,23,33 (mod 40),
1 if p=3,13,27,31,37,39 (mod 40)
i(p) =< 2 if p=11,19 (mod 40),

1— (=1t 4ifp=1,9 (mod 40) and p = s* + 5t?(s,t € Z),
L 2+ (=1) if p=21,29 (mod 40) and p = s? + 5t2(s,t € Z).

(i) If p=1 (mod 4), then

Vp(z* + ax® + bx) = = (5p + 3 + 46(p)).

ool =

(ii) If p =7 (mod 12), then
4 2 1 3
Vp(z® + az” + bx) = §(3p —1+46(p) + 2#E,(2° — 122 — 11)).
(iii) If p =11 (mod 12), then
4 2 1 3
V,(z* + az? + br) = g(7p+ 3+40(p) — 2#E,(x° — 122 — 11)).

Proof. Let k € Z be such that k = 2b3 = —% (mod p). Let 6(k,p) be given by

2.4) and R, ={0,1,... ,p—1}. Then
P

d(k,p) = Hx } x3 — lx—f—lEO (mod p), (g) = -1 mGRpH

AR
=[{e| (s 3) (5o - 5) =0 moan, (1) =1 e m}]
S e 2 s mod ), (D) =1 e e )
S (8 45 S E =0 o, (D) =1 ve )
:1_2(1%)+ {y]y +2y —4=0 (mod p), (%)Z—LyeRp}

_ 1_2(%) H{yl w12 =5 modp). (4) =1 venr,}|

Thus, if p = 2,3 (mod 5), then (g) = —1 and so 6(k,p) = 3(1 — (3
p=11,19 (mod 20), then

N
N—
S—

Il

(o9
~—~
=
N—

p—

—h

(_1+\/g)<_1;\/5) _ <(—1+¢5)(—1—\/5)> _ <—_4) — 1

p p
18



and so 6(k,p) = 2(1—(2))+1 = 6(p). If p = 1,9 (mod 20), we see that (=LEV2) (=1=2/2)

p
= (_74) =1 and thus

1-(3) 1+v5y 3—=(0) /2y /(1+6)/2
— p _ — p._(Z\( = VU=
ok, p) = 2 1 ( P ) 2 (p)( P )
It is well known that p = s? + 5t2 for some s,t € Z. From [Br] or [Su4, Remark 6.1]

we know that (%) = (—1)%. Thus

stk = 2= (2 Caye = s

2
Since k = —% (mod p), we see that ’
”Z‘f (g;3 — (18k + 3)z — (27k? + 18k + 2))
=0 p
:Zil(xg—%x—é—i) :’il(?i—i—%-%—é—i) :”i(@f'—l?y—ll)
=0 p y=0 p v—0 p

and

pi (x3 — 3k%x + K3(27k + 2))

x=0 p

S (£t i) 5 () ) +
=0 p y=0 p
L1y sy - 12y — 11

-2, (5)(——)

Now combining the above with Theorem 2.3 and (2.5) we obtain
V,(z* + az® + bx)

1 p1 p b1\ e yP — 12y — 11
=+ 2+ (-0 +a3)+ (2)(1- (-1 (F——))
S{op 2+ (07 +40) + (5) <))y§;; .
1 p— p—
- g{5p+ 2+ (—1)"7 +45(p) + (%’) (1= (1)) (#E, (2 — 120 — 11) — p— 1)}.
This yields the result.
Remark 2.3 If p > 3 is a prime of the form 4n + 3, from Theorem 2.8 we deduce the

following congruence
2 d4) ifp=3,7 d 20),
#E, (25 — 1220 —11) = (mod 4) if p (mod 20)
0 (mod 4) if p=11,19 (mod 20).
If p is a prime greater than 5, we conjecture that
6 d12) ifp=3,7 d 20),
#EB,(2° — 120 —11) = (mod 12) it p (mod 20)
0 (mod 12) if p=1,9,11,13,17,19 (mod 20).

19



Theorem 2.9. Let p be a prime greater than 3. Let a,b € Z be such that p{ab and
a® = —3b% (mod p) (for evample a = —3 and b = 3). Let

o(p) = Ht | t3 =2 (mod p), (%) = —(%), te{0,1,... ,p—l}}‘.

(i) If p=1 (mod 12) and p = A2+ 3B?(A, B € Z) with A =1 (mod 3), then
Vy,(z* + ax? + br)
_ { s(6p+4+46(p) — 24 — #E, (23 — 122+ 20)) if B=0 (mod 3),
L(6p+4+ A+ 3B — #E,(x® — 12z + 20)) if B=1 (mod 3).
(ii) If p=>5 (mod 12), then

p—2
1 2"5" 41
V(24 + az? + bz) = g(Gp 16+ 2(3T+> — B, (2 — 120 + 20)).

(iii) If p=7 (mod 12) and p = A% + 3B?*(A, B € Z) with A =1 (mod 3), then
Vo, (z* + az? + bx)
_ { s (4p +456(p) — 24+ #E,(2® — 122+ 20)) if B=0 (mod 3),
s(4p+ A+ 3B + #E,(2® — 122 4 20)) if B=1 (mod 3).
(iv) If p =11 (mod 12), then

p—2

1 2 1
Vo, (z* + az? + bx) = §(4p +2+ 2<ST+> + #E, (2% — 120 + 20)).

Proof. Let k be an integer such that k = o= —% (mod p). Set

Rl /2% — (18k + 3)z — 27k2 — 18k — 2
s=3( ; )

and

T =

= (m?’ — 3k%x + K3(27k + 2)>
; .

=0

If p =2 (mod 3), then § = Zi;é (xaTJr%) = 0 by (2.7). If p = 1 (mod 3) and
p = A?+3B% with A =1 (mod 3) and B = 0,1 (mod 3), applying (2.8), (2.9) and
(2.12) we see that

S—1 :pil (m3;i> =¢3<i) = ¢3(4)

rx=1

-1-2A4 if 2 is a cubic residue (mod p),
14+ A+3B if2"5 =1(—-1F4) (mod p)
_{—1—2A if B=0 (mod 3),

—1+A+4+3B if B=1 (mod 3).
20



We also have

p—1 3 1 5 p—1 1 3 1 5

T — (x _ﬁ$+@>zz(123y _ﬁy+432)
=0 p y=0 p
p— 3 3 p—1 3
AN p p/ = p

p—1

= (17 (§) (#B, (e — 122+ 20) —p — 1).

Let R, ={0,1,... ,p—1}. By (2.4) we have
2 x
_ 3_ =2 _ T\ _
d(k,p) = {x}x z+ — =0 (mod p), (p) 1, a:eRpH

Kol -3 d =0, () =~(3). vem)

— {y‘yg—Gy—6EO(mOdp), (%)z—(z—)), yERP}.

If p=1 (mod 3), putting a; = 0 and as = a3 = —6 in [Su3, Theorem 4.5] we see
that 23 — 62 — 6 = 0 (mod p) has three solutions if and only if 2> = 2 (mod p) is
solvable (that is 3 | B). Moreover, if t> = 2 (mod p) for t € Z, then x = (t* +2)/t =
t(t + 1) (mod p) is a solution of z3 — 6z — 6 = 0 (mod p) with (%) = (%)(%)
Thus, in view of [Su3, Lemma 2.2] we have §(k,p) = d(p) or 0 according as 3 | B
or 31 B. If p =2 (mod 3), from [Su3, Lemma 2.2] we know that the congruence

p—2

23 — 62 — 6 = 0 (mod p) has the unique solution r = QPTH(QT + 1) (mod p). We

p—2
thus have §(k,p) = %O + (2 310 +1))'

From Theorem 2.3 we know that

V(2 + az® + br) = %{5}74— 2+ (=1)" +45(k,p) + (%9)(8 — T)}.

Now putting all the above together we obtain the result.
Lemma 2.3. Let p be a prime greater than 3. Then

#E,(z° — 152 +22) —p—1

_”i <x3 - 15x+22>
=0

p
{ —2A ifp=1 (mod 3) and p = A2+ 3B? with A =1 (mod 3),
0 if p=2 (mod 3).

Proof. From [W, p. 295] or [BEW, Ex. 21, p. 208] we know that

1+
2 :

((n2 +4n+1)(n2—|—2n)> B { —2A if p=1 (mod 3),
1o if p=2 (mod 3).
21



As

(2 +dn+1)(n2+2
L+ <(n + n+p)(n + n)>
n=0
-1 p—1 6 9 2
n* 4 6n® +9n? 4+ 2n I+ +5+5
St | (b
= n=1

pzl<1—|—6:c+9:c + 223 )_p 1(4+24x+36x2+8:c3)

=0 =0 p
/234022412044y 5= /(=33 +9(x—3)2+12(z—3) +4
=2 )= ( ; )

pzl (a: —15a:+22)

by the above and (2.5) we obtain the result.

Theorem 2.10. Let p be a prime greater than 3. Let a,b € Z, p { ab and 4a® =
—27b% (mod p) (for ezample a = —3 and b = 2).

(i) If p=1 (mod 12) and p = A2+ 3B? = 2 + d? with2 | d, c+d =1 (mod 4)
and A =1 (mod 3), then
(5p+3+46(p) —2A—2¢) if3]e,

1
Vo (z* + ax® + bx :{ 8
a ) +(5p+3+40(p) —24+2¢) if3|d,

where
1 if p=13 (mod 24),
dp)=4 0 ifp=1(mod 24) and B =d (mod 8),
2 ifp=1(mod 24) and B # d (mod 8).

(i) If p = 5 (mod 12) and p = ¢®> + d* with 2 | d, c+d = 1 (mod 4) and
¢ =d (mod 3), then

(5p +3 —2d).

ol

Vy(2* + ax® + bz) =
(iii) If p =7 (mod 12) and p = A? + 3B? with A =1 (mod 3), then

Vp(z* + az® + bx) = = (5p + 1 — 24).

|

(iv) If p =11 (mod 12), then

p+1

5Sp+1 | 1(1 _ (3 4 +1 e

1/;,(904 1 a2 +ba) = { =+ 2(1 (—p )) if p=11 (mod 24),

%(p—I— 1) if p=23 (mod 24).
22



Proof. Let k € Z be such that k = % = —2 (mod p). Let 6(k,p) be given by
(2.4) and R, ={0,1,... ,p—1}. Then
8 32 x
o(k,p) =1z ’ x3—§x+2—72 =0 (mod p), (E) =—1, CL‘ERP}

x’ x—%)((m+g>2—%) =0 (mod p), (%) = -1, xeRp}‘

(
(:HE)Q = 2 (mod p), (%) — 1l zre Rp}‘
(

27

|
N—

Thus, if p = 5,7 (mod 12), then (p = —1 and so §(k,p) = 0. If p = 13,23 (mod 24),

then

() = () = () =

p p p

P P
thus 6(k,p) = 1— (%g) When p = 11 (mod 24), we have ( pT)2 = 3 (mod p) and

pt1
so d0(k,p) =1-— (%)

When p =1 (mod 24), then p = A% + 3B% = ¢ + d? with B=d =0 (mod 4). It
is well known that 2T = (—1)% (mod p). Also,

and so 0(k,p) = 1. If p=1,11 (mod 24), we see that (1+\/§)(1_\/§) = (;2) =1 and
3

<1+\/§

p

) = (1+V3)T =25 2+ V3)F = (=12 +V3)" T (mod p).

From [L2] or [Su4, Theorem 8.1 (with m =4, n =2, d = 3 and k = 8)] we have

24 v3)"T = (=1)% (mod p). (2.13)
Thus
1+\/§ _ 1B
( p ) —(—1) (2.14)

Hence 6(k,p) =1 — (=

B
SN—

I
=
=



Using Lemma 2.3 we see that

”i <m3 — (18k + 3)z — 27k? — 18k — 2>
x=0 p
I lcas = AW SH{E I BRI
=0 p y=0 p
—3\ B /P — 15y + 22
= () 2, (— )

{ —2A ifp=1 (mod 3) and p = A% + 3B? with A =1 (mod 3),
1o if p=2 (mod 3).

On the other hand,

p—1

3 —3k%x + k3(27k + 2)
;(m x . )
-1 12 -1 1.3 12 gy —1 B
= ZZZO (xg _p21722x) _ :go ( =y p21722 2y7> _ ZE_O <2P%3> <y3 plzy)
- (5= (e
where .
¢$2(D) = Z <az3—;fDx> for D e Z.
z=1
Suppose p1 D. If p =3 (mod 4), we see that
¢o(D) = pi <(_y)3 ;D(_w) - (%)@(D) and so ¢o(D)=0.  (2.15)
y=1

If p=1 (mod 4), we may write p = ¢ +d?(c,d € Z) with 2| d and ¢+d = 1 (mod 4).
p—1

Since p=1 (mod 8) < 4| d < c¢=1 (mod 4) we see that —(—1)"7 ¢ = —1 (mod 4).
Hence by [BEW, Theorem 6.2.9, p. 195] we have

+2(— (=1)"¢) if (=D)"T = +1 (mod p),
¢2(—D) = +9d if (—D)* T = i# (mod p).
(1) T ¢

Thus

(2.16)



Since
p—1 p—1 =1 _p-1 p—1 p—1 (2 p—1
1257 = (=3)"F (-1 2" = (-3)"F - (1) (5) = (=3)"F (mod p),
by (2.16) we have

F2¢ if (=3)"T =41 (mod p),
_19) =
#2(=12) { 2d if (—3)%5 = 4

From [Su2, Theorem 2.2 and Example 2.1] we know that

1 (mod p) if 3|d,
(=3) 7 =¢ —1(modp) if3]ec,
+4 (mod p) if ¢ = Fd (mod 3).
Thus
—2c¢ if 3| d,
da(—12) ={ 2¢  if3]c, (2.17)
+2d if ¢ = +d (mod 3).

From the above we see that

(p) pz <m3 — 3k%x + K3(27k + 2))

3 =0 p

= (5)(5)ea(-12) = (-1)*F gu(-12

0 if p=3 (mod 4),

2¢ ifp=1(mod4)and 3| e,

—2¢ ifp=1(mod4) and 3 | d,

+2d if p=1 (mod 4) and ¢ = £d (mod 3).

By Theorem 2.3,

V,(2* + ax® + br)

_ %{5p+2 +(=1)"T +48(k,p) + <§) ii (x?’ — (18k +3)x ;(27k2 + 18k+2)>
B (g) pi (xg — 3k%z —|—pl<:3(27k:—|— 2))}

r=

Now putting all the above together we deduce the result.
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3. The values of V,,(z?) and V,, (23 + a12° + asx + a3).
For any positive integer m and polynomial f(x) with integral coefficients let

S (f {c | f(x) =c (mod m) is solvable, ¢ € {0,1,... ,m — 1}}

Then clearly V,,,(f(z)) = |Sm(f(z))].

Theorem 3.1. Suppose that f(x) is a polynomial with integral coefficients and m =
pit - pdrois the prime decomposition of m. Then

Vin(f(2)) = Viea (f(2)) - - Vipor (f ()

Proof. Fora,c € {0,1,... ,;m—1}andi € {1,2,... ,r}leta;,c; € {0,1,... ,pi"—1}
be given by a = a; (mod pj*) and ¢ = ¢; (mod p;*). It is clear that

f(a) =c (mod m) < f(a) =c (mod pj"*) (i =1,2,...,7)
< f(a) =¢ (mod pi) (i=1,2,...,r)
<~ f(a;) =¢; (mod pj*) (1 =1,2,...,7).

Thus
ce€ Sn(f(x)) < ¢ € Spei (f(z)) (i=1,2,...,7r).

Now applying the Chinese Remainder Theorem we see that

Vin(F (@) = S (F@)] = [T1 Sy (F@)) [ = [T Vo (F (@)

This proves the theorem.

Theorem 3.2. Let p > 1 be odd. Then p is a prime if and only if 02,12, 22, .

(7"7_1)2 are pairwise distinct modulo p. Namely, p is a prime if and only sz (z ) =

p+1
5
Proof. If p is a prime, it is well known that 02,12,22,...  (Z;*)? are pairwise
distinct modulo p. If p is composite, then there are two odd numbers d and d’ such
that 1 < d <d < pand dd = p. Set 1 = (d+d')/2 and x5 = (d — d’')/2. Then
clearly z1,29 € {0,1,-+- ,p — 1} and 23 — 23 = (21 + 22) (71 — 23) = dd’ = p. Let
Yy = min{:r;l p— xl} and y2 = min{xo,p — z2}. Then y1,y2 € {0,1,...,(p—1)/2}
and y? = 23 = 23 = y3 (mod p). Since z1 + x5 = d and 21 — x5 = d’ we see that
1 # T2,p — T2 and so0 y; # yo. Thus 02,12,22, ... ,(IDT_I)2 are not pairwise distinct
modulo p and hence V,(2?) < %. This proves the theorem.
For a given polynomial f(z) we let f/(z) denote the derivative of f(z). If p is a
prime and f(z¢) = 0 (mod p®~!) for zp € Z and o > 1, using the binomial theorem

one can easily derive that

fzo +sp*™ 1) = f(xo) + sp* L f'(20) (mod p*) for s Z.

From this we deduce
26



Lemma 3.1. Suppose that p is a prime and f(z) is a polynomial with integral coef-
ficients. If there is an integer xy such that f(xo) = 0 (mod p) and p t f'(x0), then
for any positive integer o the congruence f(x) =0 (mod p®) is solvable.

Lemma 3.1 can be deduced from Hensel’s lemma. See [HW, Theorem 123, pp. 96-
97] and [R, Theorem 4.14].

Theorem 3.3. If m > 1 is odd and m = p{* ---p% is the prime decomposition of
m, then

.

Vm(.'EQ) _ ﬁ pzqi_'_l +pi+2+ (pi - 1)(1 — (_1)a )/2

2(pi +1)

Proof. Let p be an odd prime and let o > 2 be a positive integer. We assert that

a—1 -1
Vi (%) = Vyoa(a?) + £ 021, (3.1)
If c € Z and p 1 c, it follows from Lemma 3.1 that 22 = ¢ (mod p®) is solvable if and
only if 22 = ¢ (mod p) is solvable. Suppose S,(2?) = {0,a1,as,... ,a/pT—l}. We then
have

{c]c€Spla?), pret ={aitspli=12...,(p—1)/2, s=0,1,... ,p"t —1}

and thus
[{e] ceSp(a?), pte}|=p""tp—1)/2.

If ¢ € Spe(z?) and p | ¢, then 2% = ¢ (mod p®) for some x € Z. As p | ¢ we have
p | x and so p? | c. For t € Z, clearly 22 = p?t (mod p®) is solvable if and only if
y? =t (mod p*~2) is solvable. Thus

|{c | c € Spa(z?), p| c}| = |{t |t € Spa72(w2)}‘ = Vya-2(2?).
Hence

V},a(xQ) = Hc ‘ ceE Spa(xQ), P c}‘ + !{c | ceE Spa(xQ), pfc}‘
— Va(?) 4 57 (p— 1)/2.

This proves the assertion (3.1).
Observe that V,(22) = 25+ and Vi (22) = 1. Using (3.1) we see that

P+ 2p+1

I¢]
p—1 s
Vpasni (2%) = E5= 37 0% +V,(a?) =
s=1

2(p+1)
and 5
p—1 2s—1 2 p?Prl 4 p 42
V. ) e \% =

Now combining this with Theorem 3.1 gives the result.
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Theorem 3.4. Let aj,az,a3 and m > 1 be integers with ged(m, 6(a? — 3az)) = 1. If
m = p{t - p is the prime decomposition of m, then

Vi (23 + ay2? + agz + a3) = mH plT(i")
i=1 v

Proof. Let p be a prime divisor of m. Let ¢ € Z and f(z) = 2®>+a12% +azx+az—c.
According to [Su3], the discriminant of f(z) is given by D(f(z)) = — 5= (b*—4a), where
a = (a3—3az2)% and b = —2a3+9a;a2—27(az—c). Now we claim that f(x) = 0 (mod p)
is solvable if and only if f(x) =0 (mod p®) is solvable. Clearly f(z) =0 (mod p®) is
solvable implies f(z) =0 (mod p) is solvable.

If pt D(f(x)), it is well known that f(z) = 0 (mod p) has no multiple solutions.
Hence, if f(zo) = 0 (mod p) for some integer xg, then f'(zp) Z 0 (mod p). Now,
using Lemma 3.1 we see that f(x) =0 (mod p) is solvable implies f(z) =0 (mod p®)
is solvable.

If p| D(f(x)), we set

o~y +a1a2—9(a3—c)_l<L_a>
0~ ! a%—3a2 3 a%—?)ag v

From [Su3, Lemma 4.1] we know that = ¢ (mod p) is a solution of the congruence
f(z) =0 (mod p). As b*> = 4a (mod p) we see that

f(x0) = 323 + 2a170 + as
1( b >2+2a1< b ) n
= | ——— —qa —a a
3\a2 —3ay 3 \a2—3a; ?
1

= m(bz — (a? — 3a2)3) =a? — 3as Z 0 (mod p).

Thus f(x) =0 (mod p®) is solvable by Lemma 3.1.
By the above, the assertion is true. Suppose

Sy(z® + a1x® + agw + az) = {c1,c2,... ,cn}.
Then we must have
Spe (2° + a12? + agz + az) = {ci+tp |i: 1,2,...,n, t=0,1,... ,p* ! —1}.
Hence applying (1.1) we get

w120+ (%)

Voo (2% + ar2? + aga + az) = p*~'n = p* W (2® + ar2® + agr +az) = p 3

This together with Theorem 3.1 yields the result.
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Theorem 3.5. Let m,aq,az,a3 € Z with m > 3 and ged(m, 6(a3 — 3az)) = 1. Then
m is a prime if and only if V(2 + a12? 4+ agx + a3z) = (2m + (%))/3.

Proof. If m is a prime, the result is true by (1.1). Now suppose m = pi*---p&~
is composite, where pq, ... ,p, are distinct primes. If r = 1, then oy > 1. It follows
from Theorem 3.4 that

Vi (2% + a12? 4 agx + a3) = m<§ + %(%)) =+ %(Zm%— (%))

So the result holds in the case r = 1.
Now suppose r > 1. Since p; > 5 we see that

G55 <IG+5) = () <osr () <5+ 5:(5)

Thus, by Theorem 3.4,

S22 1 /pi 2m + (2
ot oo =] G (5)) <75

This completes the proof.

Corollary 3.1. Let p > 5 be an integer such that p = £1 (mod 6). Then p is a
prime if and only if Vy(2® —x) = (2p + (%))/3.
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