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Abstract

Let p > 3 be a prime, and let a be a rational p-adic integer. Using the WZ method we
establish the congruences for Zz;é ) (71,;‘1) (2kk) % modulo p3, where w(k) € {1, %H’
m, ﬁ} Taking a = —%, —%, —%, —% in the congruences confirms some conjectures

posed by the author earlier.
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1. Introduction

The generalized binomial coefficient (Z) is given by

a a a ala—1)---(a—k+1)
(0) , (—kz> 0 and <k> X or k , 2,3,

For a € Z and given odd prime p let (%) denote the Legendre symbol. For positive integers

a,b and n, if n = az® + by? for some integers x and y, we briefly write that n = az? + by?.
Let p be an odd prime. In 1987, Beukers[3] conjectured a congruence equivalent to

Sy
4k

6

{4m2 —2p (mod p?) if p=2% +4y? =1 (mod 4),
2 P

Pt 0 (mod p“) if p =3 (mod 4).

This congruence was proved by several mathematicians including Ishikawa[5](p = 1 (mod 4)),

Van Hamme[30](p = 3 (mod 4)) and Ahlgren[l]. Combining the results in [7], [21] and

[29], in [25] the author stated that

p-1 2k)3 4a® —2p — % (mod p?) if p=2?+4y? =1 (mod 4),
(1.1) 6k4k = p? R —2 p=1y 2
k=0 vy <p33> = —P2< E3> (mod p?) if p=3 (mod 4).
4 4



Let p > 3 be a prime. In 2003, Rodriguez-Villegas[11] posed 22 conjectures on super-
congruences modulo p?. In particular, the following congruences are equivalent to certain
conjectures due to Rodriguez-Villegas:

S {4562 —2p (mod p?) if p=2?+3y> =1 (mod 3),

- (215) (1)

{43:2 —2p (mod p?) if p =22 +2y* =1,3 (mod 8),

— 256% 0 (mod p?) if p=5,7 (mod 8),
1 .
() 3 () () Gr) _ {4x2 —2p (mod p?) if p=2?+4y> = 1 (mod 4),
3/ & 123k 0 (mod p?) if p=3 (mod 4).

These conjectures have been solved by Mortenson[9] and Sun[26]. In 2018, Liu[6] conjec-
tured the congruences modulo p? for

-1 -1 -1
pz ) () pz )" (1) md S )G
108k 256k 1728k
=0 =0 k=0

in terms of p-adic Gamma functions. In [22], the author conjectured that

2

p—1 (gk)2(3k) 422 — 2p — % (mod p?) if p=22+3y°> =1 (mod 3),
(12) 2 0 =) 2 (- 1)3;2 -2
k=0 —% ((p 5)/6> (mod p?) if p=2 (mod 3),
43: —2p—%(modp) if p=22+2y°> =1,3 (mod 8),
1 2 _
S GG _ ) e (/4 .
(1.3) 2 % =473 <[p/8]> (mod p?) if p=>5 (mod 8),
_§2 [p/4] -~ mod p?) if p=7 (mo
37 () (mods) itp=1 (mod ),
( ) p—1 3k> (6k) 4a* — 2p — 4%2 (mod p?) if p=2®+4y* =1 (mod 4),
T 9%k _ -2
k=0 12 %p2 (Ez B 2;;2) (mod p?) if p=3 (mod 4),

where [a] is the greatest integer not exceeding a. It is easy to see that (see [15-18])
2k 2k\ (3k
=2y = G =5\ (3 2 OG)
k (—4)k” k k 27k 7
2k (4k 3k (6k
-0 2 GG (—5)(-8) - ()G
k k 64k 7 k k 432k -
Thus, a natural and general problem is to determine ZZ;é (Z) (_ i )(215) 7= modulo P>,
where p > 3 is a prime and a is a rational p-adic integer.

For a prime p let Z, be the set of rational numbers whose denominators are not divisible
by p. For a € Z, let (a), be given by (a), € {0,1,...,p — 1} and a = (a), (mod p). In
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[18], the author showed that for any odd prime p and a € Z,,

p—1
-1- 2E\ 1
<Z> < ) a) ( :) = 0 (mod p?) for (a), =1 (mod 2).
k=0
For an odd prime p and = € Z,, the p-adic Gamma function I'y(z) is defined by

Tp(0) =1, Tp(n) = (-1)" [[ kforn=1,2,3,..., Tp(x)= lim Ty(n).

ne{0,1,...}
ke{1,2,..n—1} iy s0
ptk

In [10, Theorem 5.2], Pan, Tauraso and Wang stated a result equivalent to

Fp(%)g (mod p3) if 2 | (a)
1y SEWOCIE) ] LR "
. ~ 4k - /(a/+1) F (l) )
h=0 AT (2+“)2F ( : a)z (mod p3) if 21 (a)p,

where o/ = (a — (a),)/p. However, they only gave a sketch of the proof in the case
2 | (a)p, and their method is complicated and based on hypergeometric series identities.
It should be mentioned that (1.5) was first conjectured by Liu [6] in the case 2 | (a),.
Using (1.5) and Jacobi sums, recently Mao [8] proved (1.2) and (1.3). We also note that
Guo [4] established three congruences modulo p* concerning the sums in (1.2)-(1.4) via
g-congruences. For example, Guo showed that for any prime p =5 (mod 6),

LCHYE) _ (00 Pl

108k —7/6

— (mod p?).
k=0 3 ((2p—l)/3) 3 ((p—42)?;3)

In [22], [24] and [25], the author posed numerous conjectures on the congruences modulo
p? for the sums

%wmwgwmmwﬁ>ﬂme@>mlzw<%%@>

)

where w(k) € {1, = =1 2k1 T (k+1)2,k k%, k3} and m is an integer not divisible by p.

Let p > 3 be a prime and a € Z,. Inspired by the above work, using the WZ method

we establish the congruences modulo P’ for Z p—1 (2) (_1k_“) (Qkk) wzf,f ) in terms of harmonic

numbers, where w(k) {1, =Sl +11)2, o 1} Our approach is natural and elementary,
and the result in the case w(k) = 1 seems better than (1.5) since I', () is more complicated
than harmonic numbers and it is very difficult to determine I',(z) modulo p®. On the other

hand, the proof of (1.5) depends on hypergeometric series identities. As consequences,

taking a = —%, —%, —i, —% in our main results we obtain explicit congruences for
SEGLe §w<%ﬁ §w<%< Hw<%%@>
— 64’“ ’ — 108k ’ 256~ ’ — 1728k

modulo p? or p? and so solve some conjectures in [22] and [25].
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The Catalan numbers {Cy} are defined by Cj = (2:),%1 (k > 0). For convenience we
also define C_; = —%. Then clearly (Qkk) ﬁ = 2C%_1 for k > 0. As typical results in the
paper, for any prime p = 1 (mod 4) and so p = 22 + 4y? we have

—~1)/2 2 —1)/2

(r—1)/ (Qk) C (r—1)/ (Qk) 2

2
k — 42 3 E)YE g 2 p 3
g_o o = 4x* — 2p (mod p°), kE_O ok = 8r° — 4p + 2 (mod p?),

p—1 (2k)20 2 Pl 2k o2 2 2
k k=1 _ 2 P P 3 (k) [ p P 3
k) hl g2 Py P nod Skl d
a6l Tyt g (mod ), kz_o G4* 2 T4 g (mod )

2

(]

+ 3y? we have

p—2 (Qk) (Bk)c p—2 (3k) C? 92
\k)\k)¥k _ 42 3 k _ D 3
> gkt =447 =2 (mod ), 3 L (mod 1)

for any prime p =1 (mod 3) and so p =z

p—1 r2k\ (3k
Ck,1 10 5 p2
> Lot = e B 2 )
k=0
In addition to the above notation, throughout this paper we use the following notations.
Let H():HSQ) =0. Forn>1let H, = 1+%+~--—|—% andHygf) = 1+2i2+---—|—n—12. For

an odd prime p and a € Z, set gy(a) = (a?~' —1)/p and
2

(p— 1)/2>
/4] )’

2
R = 640 1 0420 - D) (7 )’

) 4 3. (r—1)/2\°
Rs(p) = (1+2p+§(2p BG4 1_1))< [p/6] > '

Sp(a) = nzl <Z) <_1k_ “) (2:’)41]6 (n=1,2,3,...).

k=0
Let {E,} be the Euler numbers given by

Ri(p) = (2p+2— 2”_1)(

eiS]

Define

n

Es,1=0, Ep=1, E2n:_z<
k=1

2n

FEo,_ =1,2,3,...
2k> 2n—2k (Tl ) 737 )7

and the sequence {U,} be given by

" /2n
Unp-1=0, Up=1, Uz= —22 <2k> Usn—or (n=1,2,3,...).
k=1

2. The congruence for 7~} () (Qkk)fk modulo
3

p

For k=0,1,2,... set
a\ [—1—a\ [2k\ 1
P =) () (3w
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and

G(a, k) = (a+2)(2a + 3)4k—1(ai 1+ k) <2kk—_11> (Zt i) <_/€3—_1a).

It is easy to check that

(a+2)*F(a+2,k) — (a+1)*F(a, k) = G(a,k + 1) — G(a, k).

Thus,
(a+2)2Sn(a+2) — (a+1)2S,(a)
= (a+2)2n§F(a+2,k;) —(a+ 1)2§F(a,k)
k=0 k=0
= :_:(G(a, k+1)—G(a,k)) = G(a,n) — G(a,0) = G(a,n).
That is,

(a+2)%Sp(a+2) — (a+1)%Sp(a)
T emeseg g ()G G5

Lemma 2.1. Let p be an odd prime, a € Zp, a # —1 (mod p) and o’ = (a — (a),)/p-
Then

(a+2)%S,(a+2) — (a+1)%5,(a

{( R )d'(a' +1)p?* (mod p*) if (a), <p—2,

a+1 a+2
(a+2)p (mod p?) if (a), = p— 2.

Proof. From (2.1) we see that

(a+2)*Sp(a+2) — (a+1)*Sy(a)

— (a+2)(2a+3) 4p71(ai — <2pp— 1) (a ;f; 1> <—“p__21_ 1).

We first assume (a), < p —2. Then a4+ 2 — (a + 2), = a — (a)p, = a/p. From [20, Lemma
2.2] we know that

(2.2) <“ ‘;21 1) (_ap_21_ 1) W (mod p).

Hence,

—

a+2)%S,(a+2) — (a+1)2S,(a)

p 2p — 1\ d(d + 1)p?
(a+2)(2a+3)4p—1(a+ 1+ p) (p— 1 >(a+2)2

1 1 i 3 4
1 d .
<a+1+a+2)a(a+ )p” (mod p°)
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Now we assume that (a), = p — 2. Then a + 2 = p(a’ 4+ 1). Appealing to [23, (2.6)],
a+2-1\(-a—2-1\ (p—14dp\(p—1—(d+2)p
p—1 p=1 ) \ »p-1 p—1
= (1+a'pHy_1)(1 — (a’ +2)pH,_1) = 1 (mod p?).
Hence,

(a+2)*Sp(a+2) — (a+1)*Sy(a)

=(a+2)(2a+3) M*l(ai 57 <2;__11> = (a+2)p (mod p?).

This completes the proof.
Lemma 2.2. Let p be an odd prime and t € Z,. Then

pil (I/::t> <_1k_pt> (2:) =122 =)+ 27+ (277 = 1)? (mod pP).

k=0

Proof. Clearly,

()

-1
et (D222 -2 (R =) ()
_H;pt—kﬁ P e
p— 2k
—1_ Z Pt(P]z; k) (412) (mod p?)
k=1
By [19, Remark 3.1] or [27],
p—1 (2k p—l
(2.3 L =S EE(T) 2242) - (27 (moa 17

k=1 k=1

Taking « = 1 in [28, (9)] and then applying [13, Theorem 4.1] we see that

hS]

(2.4)

~ (1)
k;2]-€4’f =4 E k:2 2k = —2¢,(2)? (mod p).
k=1

It then follows that
L pt\ [(—1—pt\ (2k\ 1
S () () O e =1 20 - 902 - 2202 (o ),
k=0
which yields the result.
Lemma 2.3. Let p be an odd prime, n € {1,2,..., %} and t € Zy. Then

byt
n



= <p7211> (1 B 2pt§n: 2k1— 1 +2p2t<t(§n: le_ 1>2 —(t+ 1)271:@)) (mod p).
k=1

k=1 k=1

Proof. For m € {n,n+1,...,p— 1} we see that

2.5
( 2n—|—pt _ (pt+m)(pt+m—1)---(pt+m — (n — 1))
n ) B n!
= <m> (1 ot Y LR Yy i)
" m—n+1<k<m k m—n+1<i<j<m L

= (:) (1 +pt(Hpm — Hypp) + %p2t2((Hm — Hypn)? — (HD — Hf,f),n))) (mod p®).

For given positive integer r we have

(p—1)/2 1 (p—1)/2—n 1
kT kT
k=1 k=1
RN 1 o " (p+2%k-1) 2y "L (2k — 1) +rp(2k — 1)1
- —(2k—1)\" 2 _ — 12y VO — 1\2r
o () o 0t (k- 1)%) P (2k—-1)
“ 1 ° 1
— (—92)" —2)" d p?
( )Z(Qk_l)r+( )rpZ(Qk 1)r+1 (mod p°)
k=1 k=1
Hence,
J— == [— 2
Hoy = Hos ek DD ok =1y med ).
k=1 k=1
" 1
g —H? =4 d
BT T L 2k —1)? (mod p)

Now, from the above we deduce that
Pl apny _ (25 ~ 1 ~ 1
<2n ):<721><1+pt<_2;2k—1_zp;(zk—n?)
1 L1 \2 - 1
+§p2t2<(*22 2k:—1) *42(%—1)2)) (mod p°),

k=1 k=1

which yields the result.

Theorem 2.1. Let p be an odd prime, a € Zy, a # 0,—1 (mod p) and a’ = (a—(a),)/p.
If 2| (a), and (a), = 2n, then

((H)/z)Q
Sp(a) = (;2)2(1 —2d/ (2771 — 1) +d'(2d + 1) (2P - 1)?)

n

n

2
<(p B 1)/2> <1 +p((2d’ + 2)Hap — (2d' + 1)Hy, — 2d'qp(2))
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p 2

2
+L (2a'qp(2)2 + ((2d' + 2)Hy, — (20 + 1) H,, — 2a/q,(2))
1
+ 520" — DHP +2(1 - a’Q)Héi))) (mod p®).

A=l g/ (o' +1)p? a'(a’ 4+ 1)p?
Snla) = W= o oz g7 (med )
a2 ((ayp—1) & (((arp-1)/2)

a—1)° a—1)2 (a—23)2
Spla) = : a21) Spla—2) = ( a21) ‘ Ea—;§25p(a—4) =...
C@—1)%(a—3)?-(a—2n+1)
T a2a-22%(a—2n+2)2 Sp(a —2n)
B n (@_k)Z B ((afi)/2)2
a kl_Il (“%7—/{:)2 ~Spla—2n) = WSP(G —2n) (mod p?).
By Lemma 2.2,

Sy(a—2n) = Sy(a'p) =1—2d' (2P — 1) +d'(2d' +1)(2P7! — 1) (mod p?).

2 —2
Sy(a) = <(a N 1)/2> <a/2> (1 —2a'pgy(2) + d'(2a" + 1)p®q,(2)?) (mod p?).

n n

Since (1 + bp + cp?)(1 — bp + (b — ¢)p?) = 1 (mod p?), appealing to (2.5) we get

2\ ! 'n/2\ 1 1 -
(a/ > (n—i—ap/ ) = (1+ —a'pHn—kfa’ZpQ(HZ—H,(f)))
n

n 2 8
By Lemma 2.3,

()i 1o
1

1

1 1
= 1— SapH, + Sy (H} + H) (mod p’).




E<1+(a/+1)p§:2k1—1+(a,+1)p2<a/;1< 2/<;1—1)2+1_2a/ ” (2ki1)2)>

L, 12 90712 | 17(2)
x(l—iapHn—l—sa (H; + H,; ))
1 a 1, 1,
=1 < ! 1 7_7}[”) 2(7 /H2 - /H(2)
+p((d + )Z:lzk_l 5 +p*(go Hy + ga " H
(@+1)2 /<~ 1 \2 1-ad? 1 1, , G |
> > S 1) H,
T ( 2l<:—1) L @h—1p 2@t sz—l)
k=1 k=1 k=1
1
(@Y s - )
+p{(@+ )ZQk—l 2
"1 N2 1 g 1-a* <& 1
a H, — 2 1 ~a”H® d p%).
tp (8( (o + )z_:lzk—1> TR T Z_:(%—U?) (mod p)
Note that (1+bp+cp?)? = 1+ 2bp+ (b? +2¢)p? (mod p?). From the above we derive that

VGG

= 1+p(2(a +1)

) (2((“I+1)22k1—1_an>2

2k: 1
k=1 k=
Loy -
taa ; % —1 2)
1 1 / 2
—1 +p(2(a +1)(Hzn — 5 Hn) - a'Hn> +p? (2((a' +1)(Hzn — 5 Ha) — %Hn>
Lot 0o )

1
4
— 1+ p((2] + 2) Hay — (2a +1)H,) + (%((2(1’ +2)Hyy — (20 + 1) H,)?

+(1—ad?)HP + 2) (mod p?)

and so

n

2
S,(a) = <(p -/ 2) (1 - 2a'pq)(2) + a'(2d' + 1)p’qy(2)?)
< (14 p((20' +2)Hoy — (20 + ) H,) + (%((2@’ +2)Hp — (24 + 1)H,)?
12
Y o - 1H§>>>

<(p - 1)/2\°

i, > (1 +p(~2d'qp(2) + 2(d’ + 1) Han — (24’ + 1)Hy) + p* (a’qp(2)2

2

+ = ((2d' + 2)Hap, — (2d' + 1)H,, — 2d/q,(2))

N |

2a —1

+(1-a®)Hy) + =

H(2)>> (mod p?),

9



which yields the result in the case 2 | (a)p.
Now assume that 2 { (a),. By Lemma 2.1, for (a), < p —4,

a 2 a 2 a 2
p—(a)p

2 2
(a+2k+2)
= 2 P( +a—<a>P_2)
0 (a+2k+1)
p—(a)p
2

(a+ 2k +1)%(a + 2k + 2)?
Pt (a+2k+1)*

(a+1)%(a+2)* - (p+a—(a),—3)*(p+a—(a) —2)*
B p=la)p a a a —(a)p
2D 1) (o 4 P -2

x Sp(p+a — (a), —2) (mod p?).

Sp(p+a—{a)p —2)

By Lemmas 2.1 and 2.2,

(@' +1)p = 1)2Sp((a’ + 1)p = 2) = (@' + 1)*p*Sy((a" + 1)p) — (' + 1)p?
= (a/ + 1)?p* — (' +1)p? = d/(d’ + 1)p? (mod p?).
Hence,
Sp(p +a —(a), —2) = Sp((a’ + 1)p — 2) = a'(a’ + 1)p? (mod p°).
Now, from the above we deduce that

({a)p +1)*({a)p +2)* - (p = 3)*(p — 2)?

p—(a) a a _
24(%—1)(( )ngl(( )ngl + 1) . (1)73))4

Sp(a) = da'(a" + 1)p2 :

(adp—14
o 2 (p_Q)!2'T!
=d(d +1)p (a),12 - 22— —4 . 2311
4
(%) (p—1\? 1
=d'(d +1)p*- 1)
(p—1)*\ B 92(p—(a)p)—4 . (W%)z(éf‘g:f
2
d/(a’ + 1)p? Gy
—la a a a)
22(P ( >P)(%1)2(<(5>g>€1) (CL + 1)2((a<>123€1)
4<a>p_1 ca a/+1 p2 a a/+1 p2 a’ a/+ 1 p2
- <a>§1 - 2(( 1/2) 2o 2(( (pl)/)2 % (mod 7).
@? (lay1) ap-12) Cl(@)-12

For (a), = p — 2, using Lemmas 2.1 and 2.2 we see that

S,(a) = (a+11)2((a 12)25,(a+2) — (a+2)p) = (a+2)? — (a+2)p

4@p=1 . /(¢ 1+ 1)p2 "o 4+ 1)p2
2 <“>(f1+ v _ "(‘Z i)/lp > (mod p®).
a2 ((a),1) @ (((arp—1/2)

10



This completes the proof.
Corollary 2.1. Let p be a prime with p > 3 and p =3 (mod 4). Then

2
—(isfw (mod p®)  if p=7 (mod 12),
pzl )MED _ ) Gz
1728k T 2
=0 _p72 (mod p*) if p=11 (mod 12).
5((p71)/2)
[p/12]
Proof. Recall that (_k%) (_ké) = (Skk) (gZ) 4312k. Let a = —% or —% according as p =
7 (mod 12) or p = 11 (mod 12), and o’ = (a — (a),)/p. Then (a), = [£], m’% = [&],
o/ = —% and d/(d’ + 1) = — 2. Now, the result follows from Theorem 2.1 immediately.

Lemma 2.4 (See [12, Theorem 5.2] and [13, Corollaries 3.3 and 3.7]). Let
p > 3 be a prime. Then

We remark that putting a = —% in Theorem 2.1 and then applying Lemma 2.4 gives
a natural and elementary proof of (1.1).
Lemma 2.5. Let p > 3 be a prime. Then

2

(1> —% (mod p?) if p=a>+4y*> =1 (mod 4),
Spl=) =
2 0+ (p-1/2\* 2 ((p—1)/2\° :
7 \w-/4) T2 \p-sgya) Fos (modp) 4IPS
Proof. Set a = 1. Then (a), = % and @’ = —%. For p = 22 4+ 4y*> = 1 (mod 4), since
21 (a), we have
N _ 530 _ P
Spl=) = 72 =—== d p
p<2> 7((17 1)/2) 41'2 (mo p )
4\(p—1)/4
by Theorem 2.1 and the known fact (Eg:};ﬁ) = 2(—1)17_133 (mod p). Now assume that

p =3 (mod 4). Then (a), =2- %. From Theorem 2.1 and Lemma 2.4 we deduce that

Sp(%) = <Ep Uﬁ 2(1 +p(Hppr +qp(2))



1 16 3 4
(G ) 3 )
(p—1)/2)? 1
((p - 3)/4> (14 P2 = 4p(2) + P2(1 — 32> + 3 Eps) )
(p+1)*((p—1)/2\*  p*((p—1)/2
201 ((p—3)/4> T <(p— 3)/4

2
> E,_3 (mod p?).

This proves the lemma.

Theorem 2.2 (See [25, Conjecture 5.4]). Let p be a prime with p > 3. Then

k
Py 64
2, P p? 3 ; 2 2
—x —i—i—l—@(modp) ifp=a"+4y =1 (mod 4),
=31 (p+1 ((p—1)/2\* P? 3y
——(2 ’E,_q)t—L _ 4|p—3.
O U 1) e A L
(p—3)/4

Proof. Note that

o ()0 O

We then have
p—1 (2k)3 p—1 (2k>3 p—1 1 3 o 1 .
k k _ 2 2 o -
er S S S )

Now, applying (1.1), Lemma 2.5 and the fact that (2}5)2]{%1 = 2C%_1 yields the result.

3. The congruence for Zi;g (Z) (_1k_a)% modulo p?

Lemma 3.1. For any positive integer n and real number a # 0 we have
nil a\(—1—a\C
k k 4k
k=0
a+1 a+1 a —2—a\/2n—-1\ 1
= 1) — .
Sula) + a Safa+1) a (n—l)(n—l)(n—l)él"—l

Proof. Set
ek )
Glok) ==, : <k' - 1> <_k:2—_1a) (2:—_ 11) 4’%'

12




It is easy to check that F'(a,k) = G(a,k + 1) — G(a, k). Thus,

n—1 n—1
S F(a,k) = S (Gla,k + 1) — Gla, k) = G(a,n) — G(a,0) = G(a,n).
k=0 k=0

This yields the result.
Lemma 3.2. Let p be an odd prime, a € Zy, a # 0,—1 (mod p) and o’ = (a—(a)p)/p.
Then ) 2p1)
(p—l)( p—1 )( 5—1 ) a'(a’ +1) »

G(a,p) = 1y =- @t 1) (mod p?),

where G(a, k) is given in the proof of Lemma 3.1.
Proof. By [20, Lemma 2.2] and Fermat’s little theorem,

SN PN ) EA e

Thus, G(a,p) = —aaggfll))pQ (mod p?). On the other hand,

(pzl) (_pl:la) (2(;‘;!):11)) B a+1 a —2—a (2;:11)
4r=1.p a (a+p)(2p—1)< 1)( —1> 4=t
_ CL-CL- 1 . G(C(La—’_"i):;)pZ _ _CI(’IEZ —:_11))])2 (mod pS)

Thus, the lemma is proved.

Theorem 3.1. Letp be an odd prime, a € Zy, a % 0,—1 (mod p) and a’ = (a—(a),)/p-

Then )
p—
a\(—1—-a\C a+1 3
— = 1 .
(1) () E =@+ s o )
Thus, for 2 | (a), we have

5 (O)s

<(p<_ 1)/2> (1 +p((20' +2)Hgy, — (2a' + 1)H (o, — 2a/qy(2))

OM

a)p/2 2
+ p;<2a’qp(2)2 + ((2a/ +2)H, Vo —(2d' + 1)H (o), @ ~ 2a qp(2))2
1., @) 121 77(2) d(a +1) ,((p—1)/2\" ,
+5a” - DHE, +20-HHG ) +a(a+1>p2< (a)y/2 ) (mod 2

for 24 (a), and (a), # p — 2 we have
O
4k
k=0

13



2
- Z : (((gzo_j)l/fﬂ) (1 +p((20" + 2)Hgy, 41 — (20" + 1) H @y 1 — 20'gp(2))

2
2

+ = (2a’qp(2)2 + ((20 4+ 2)H gy, 11 — (2d' + 1) H ()41 — 2d'¢,(2))
2
2
+ 520 - 1)H§a3 201 —dHHP) ))

(a)p+1
d(d +1) (p—1)/2 \ 2
e <<<a>p " 1>/2> (mod 7).

Proof. Taking n = p in Lemma 3.1 and then applying Lemma 3.2 gives

50w

k=0

. (pi 1> <_Pl—_1a) <2§§9—_ 11)) 4?’}1]9 - %—1 (pi 1> <_p2—_1a> (2;__ 11> %

=0 (mod p?).

L IS

+

Now, applying Theorem 2.1 yields the remaining results.
Theorem 3.2. Let p be an odd prime. Then

p—1

42* — 2p (mod p?) ifp=1a>+4y?> =1 (mod 4),
e | D (-2 (- 1)/2\
)G {5 (A
k=0
+5 (Ep ;Z) - ) (mod p?) if4|p—3.

Proof. Note that p | (215) for & < k < p. Taking a = —5 in Theorem 3.1 gives

(p—1)/2 (2’“)2(1 p—2 (2k\2 p—1 (2k\3

k kE _ (k) Ck _ (k) . } 3
> 64k 64k L G4k Sp(z) (mod p).
k=0 k=0 k=0

Now, applying (1.1) and Lemma 2.5 yields the result.
Lemma 3.3. Let p > 3 be a prime. Then

_ 3 3 2 p 2
Hig) = =5a,(3) + $p0p(3)> = p(5 ) Up-s (mod p?),
3
—5a(3) + 7pa(3)2 +2p( £ ) Ups (mod p?),

= H[?p} _3(3>Up 3 (mod p).

[7”]
2
[%]

Proof. The first congruence was given in [14, Theorem 3.2]. By [14, Theorem 3.2],
[210/3]( 1)’“ !

o =— = 3p(5)Up—3 (mod p?). Thus,
(2p/3] k—1
-1 3 3 P
Hzpy = Higy + ;1 ( ,2 = —56(3) + 7p5p(3)" + 2p<§>Up—3 (mod p?).

14



By [14, Theorem 3.3], H[(BQ]) = 3(§)Up_3 (mod p). To complete the proof, we note that
3

Py é k12 =0 (mod p) (see [12, Theorem 5.1]) and so

— _g®
22) 2 k2= H[%} (mod p).

Theorem 3.3. Let p be a prime with p > 3. For p=1 (mod 3) and so p = x? + 3y>

we have )
p— Qk 3k
(%) (5)Cr

Z 108k = 422 — 2p (mod p?).
=0

For p =2 (mod 3) we have

72
p )C
ZIO 108"7
2
= 2P 70 (14 p(2+ g0l - ) + (14 ) + an(2P
—2
= 30,3) ~ 2p2)ap(3) + L3 + 50,-0)) = 37 (V7 10E) (o ).

Proof. For p = 2%+ 3y? =1 (mod 3) we have (2), = %2 =1 (mod 2) and 2 — {

—~2. Thus, from Theorem 2.1 and the well known fact (Egjg%) = 22(5) (mod p) (see
[2,p.283]) we obtain
9 _Zp2 p2
S,(z)=—2" _=_"_ d p%).
p(g) é((17_1)/2)2 81’2 (mo p )
9\(p-1)/6

Taking a = —% in Theorem 3.1 and then applying the above and (1.2) yields

p—2 2k 3k~
Ck 1 2 p2 p2
§ B ) (7)542—2 ———2(——)
~ 108’“ S(=3) = 25(3) =4 -2 - 1 827

= 42% — 2p (mod p?).

Now assume that p = 2 (mod 3). By Lemma 3.3,

2 1 2 1 3 3 2 p
gHz(p?;H) + ngTH = g (7 - *Qp(?’) + ZPQp(S) + 2p<§>Up—3>

From Lemma 3.3 we also have

e

TESIE 2] = 9 — 3Up—3 (mod p),

ae), =
3

15



2 9 9
Hg(z)ﬂrl) 12 + H[(%,?] =1 + 3Up—3 (mod p).
Set a = —3. Then (a), = ZPT_ and o’ = —2. From Theorem 3.1 and the above,
p—2 (2kk) (3k)0k
k
prt 108
(p—1)/2\? 2 1 4
= 9 (1+p(GH ~Hp + ~gp(2
2
2, 4 P 1 4 > 5 10
+ ?( - ng(Q)Q + (gHLP;l) + gH%l + g%@)) 18Hp+)1 9 Hg(l)?-‘rl)))
_} 2((19— 1)/2 2
2" \(p+1)/3

=-2((03je) (10 + o2~ 30i®) <=2+ Joio? )

4 3

pTr 4 9 4 3 2 1 10,9
5 (397 + 2+ 50() — 503)" -
1 2

50— 8Ups) + 5 (5 +3Us- 3)>>

2
=270 (14 p(2+ gul® - 0®) + (14 ) + (2P

—2
~30,3) ~ 2 2)n(3) + L3 + 300)) — 37 (07 1)) mod )

This completes the proof.
Theorem 3.4. Let p > 3 be a prime. Then
9 2 3 o2 2 —
pz: (2kk) (4212)(7]{: _ 42* —2p (mod p°) if p=2"+2y* = 1,3 (mod 8),
= 26 —ng(p) (mod p®) if p=5,7 (mod 8).

Proof. Taking a = —1,—7 in Theorem 3.1 gives

> % w5 () -ss(D) =9 D) - 193 o

k=0
For p = 22 + 2y*> = 1 (mod 8) we see that (2), = pf’ =1 (mod 2) and 3 — (3), = —L.
By Theorem 2.1 and the fact that (Ep 1%;) =2(— 1)p§1+151x (mod p) (see [2,p.272]),
3y _ —i(l=pp* P’ 3
Sp(i) - (5)2((;)71)/2)2 T 1222 (mod p)
47 \(p-1)/8

2k\2 4k
Recall that S,(—1) = >7_ ( ) (2’“) =422 - 2p — % (mod p?) by (1.3). We then get

—2
:o 256’€)Ck ES”(_ 1) _357’@) = 4o’ = 2p— f; _3<_ 112);)




= 422 — 2p (mod p?).

For p = 2% +2y* = 3 (mod 8) we see that (1), = 2l =1 (mod 2) and 1—(Ip=-1
z—1

1 i
By Theorem 2.1 and the fact that (g:;’;g) =2(-1) z z (mod p) (see [2,p.417]), we
deduce that

Recall that S,(—32) = SP~¢ GG _ 422 — 2p — 2 (mod We th t
1 k=0 256k  — D mod p?). We then ge

S = (D) () = (- )

For p =5 (mod 8), taking a = —1, (a), = L and o = —1 in Theorem 3.1 and then

1
applying the fact that He) = —3¢p(2) (mod p) (see [23,(2.4)]) yields

o (DG

o ©256F

= —3<Ei ; ;%z)Q(l +p(ng+3 %H;%s + %qp(Z)))

- _3@?:31 2(8:3;2) ( p(i(pj—S —30(2)) — 5 (g + Hig) + 5%@)))

256k

Putting all the above together proves the theorem.
Theorem 3.5. Let p be a prime with p > 3. Then

p— 2 )Ck:

k
Pt 1728

17



(%)(4352 —2p) (mod p?) ifp=a?+4y® =1 (mod 4),
2

1 /=L 5 2
= _5<[1§2]> (1 +P(10 —3qy(2) — 5%(3) - gH[%])) (mod p*) if12[p—7,

1\ 2
_5<E)112°2]> (14002 30,(2) - gqp(3) - %H[l%])) (mod p*)  f12[p—11.

Proof. For p = 22 +4y? =1 (mod 4), taking a = — g in Theorem 3.1 and then applying
Theorem 2.1 yields

SO (1) -59,2) =5~ = Q) - ont 1

For p = 7 (mod 12), taking a = —%, (a), = p% and @’ = —% in Theorem 3.1 and then
applying the fact that Hip) = —2¢,(2) — 24,(3) (mod p) (see [23,(2.4)]) yields

p—2 3le _ 2
Z;) 1728’“ : __5<((1f+ 51))//122> (Hp(gH”% _§H%+%q”(2)>>
_ (p—1)/
= ;< [p/112]2> (H%)
en ot - o) - 2 )+ o)
1 2

=z ([ 2 ]> (1 + p(10 — 3gp(2) — gqp(?)) - §H[%])> (mod p?).

12

—~

For p = 11 (mod 12), taking a = —2, (a), = % nd ¢’ = —z in Theorem 3.1 and then
applying the fact that Hp) = = —2¢,(2) — 3¢,(3) (mod p) yields
—2 (3k\ (6k
X (& ) (dk) Ck
1728k
k=0

= —% ((g—:ll))//l22> (1 + (gﬂ% - %Hpml + éQp(Q)))
2
(O Y G- Bai0) 2 )+ )

AN 5 2
=52, (14 (2= 30,(2) ~ S0~ 3Hig) (mod 7).

This completes the proof.

Remark 3.1 Since Cj = (Qkk) (k +1) for k > 0, from [26] one may deduce that for
any prime p > 3,

p—1 (2k)2ck
Z k()‘T = 42 — 2p (mod p?) for p=az%+4y* =1 (mod 4),
k=0

18



p—1 (2k)(3k)(jk
kIR T — 422 — 9p (mod p?) for p=2z?+3y* =1 (mod 3),

2
o 108
p—1 (2k\ (4k
C

(k)QEJZGkk)k =42 — 2p (mod p®) for p=a®+2y”>=1,3 (mod 8),
k=0

p—1 (3k\ (6K

C

(g) Z % =42 — 2p (mod p®) for p=a”+4y”> =1 (mod 4).

k=0

In [25], the author made a conjecture equivalent to

p2 o
()Z 17282‘7 =

42® — 2p (mod p*) if p=2? +4y* =1 (mod 4),
3
{ 5R1(p) (mod p?) if p=3 (mod 4).

For the conjectures concerning Theorems 3.2-3.4 see [25, Conjectures 5.4, 5.11 and 5.16].

4. The congruence for ) /_ ( )~ 1k ") ijk modulo p?

Lemma 4.1. For any positive integer n and real number a we have

e WEE=

= —(2a® 4+ 2a 4 1)Sy(a) — 2(a + 1)%S,(a + 1)

(2a+ 1)(2a+2)n( a —2—a\[/2n—-1\ 1
2n — 1 n—1/\n-1 n—1)4n"1"
Proof. Put

F(a,k) = (<Z> <_1k_ a) (le_ 1 + (2a% 4 2a + 1))
L o(at1)? (a —]L— 1) <—2k— a)) (2:) 4%7
Glak) = (2a +21Iz(3a1+ 2)k (k i 1> (—;_—1a> <2kk:_—11> 4T1_1

It is easy to check that F'(a,k) = G(a,k + 1) — G(a, k). Thus,

n—1 n—1
Y Fla,k) =) (Gla,k+1) — G(a, k) = G(a,n) — G(a,0) = G(a,n).
k=0 k=0

This yields the result.
Theorem 4.1. Let p be an odd prime, a € Zy, a % 0,—1 (mod p) and a’ = (a—(a),)/p-

Then
pz_f a\ [—1—a\ Cr_q
k k 4k
k=0
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ad(d +1) 4

=—(a®*+a+ %)Sp(a) —(a+1)2S,(a+1) — (2a + 1) Wit P (mod p?).

Proof. Since (%f)ﬁ = 2C;_1 for kK > 0, putting n = p in Lemma 4.1 and then
applying (3.1) yields the result.

Corollary 4.1. Let p be an odd prime, a € Z, and a # 0,—1 (mod p). Then

pi <Z> <_1k_ a) Cik_l = —%Sp(a) —aa+ 1)172_:2 (Z) <_1k_ a> % (mod p?).

k=0 k=0

Proof. Combining Theorem 3.1 with Theorem 4.1 yields the result.
Theorem 4.2. Let p > 3 be a prime. Then

p—1 2K\ ~2
3 (&) Ci
64%
k=0
2 p P ,
5 T4 w2 (mod p3) ifp=2a>+4y? =1 (mod 4),

= —1\ 2 p—1x 2 9 ,p—1y —2
3(p+1)* (5 3 o3 P° (= 3
oz | p3 +T6 b3 Ep,3—§ o3 (mod p°) if4|p-—3.
4 4 4
Proof. Taking a = % in Theorem 4.1 and then applying Lemma 2.1 gives

S % =G5+ D3 0) - G+ s +)
=-15(3) 15[~ 3) twoa ")

Since Ci = (%) giiery 3nd () (7)%) = ~(1 4 520 ()" b by (26, from (27) and
the above we deduce that

1 2k -1 /2k\2 -1 3
4Z - 6Z"k 1 :_:Z;)(k)m%_l J;Z()(,%)( k:;)CZ';l
=1 (5G) +s(-9) + 19G) +1(-3)
- 39(3) () G,

Now, applying (1.1) and Lemma 2.5 yields the result.

Theorem 4.3. Let p > 3 be a prime. For p=1 (mod 3) and so p = 2%+ 3y* we have

—1
pz (%) () Cra _ _ECUQJF §p+ P’

3
108% 9 gP t ggz (mod p7).

k=0
For p=2 (mod 3) we have

p—l 3k Ck; 1

k
Pt 108
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—g<;§> (1+(2+ 502 — 50®) +77 (14 30,2 + ¢

§q19(2)2
-2

15 3 5 /52
—3qp(3>—2qp(2)qp(3)+gqp(zz) TUnr- 3)) 57 2( : ) (mod p?).

Proof. Taking a = —% in Corollary 4.1 gives

p—l Sk)c 1p—1 Qk) (Bk) 217—2 Sk)c 5
ZO 1085 ZO 108k +9ZO 108k (mod p).

Now applying (1.2) and Theorem 3.3 yields the result.
Theorem 4.4. Let p > 3 be a prime. Then

5 P ‘
pz_:l ") Cho () () Cr—1 _ Zx +8p+82(m0dp3) ifp=a?+2y? =1,3 (mod 8),
256k = |
= —ER2(P) (mod p?) if p="5,7 (mod 8).

Proof. Taking a = —i in Corollary 4.1 gives

p—1 (2k\ (4k p—1 (2k\ = 4k p72
B _ 18 e 32 B oa
256+ 2 C 256k 16 256k i
k=0 k=0 =0
Now applying (1.3) and Theorem 3.4 yields the result.
Theorem 4.5. Let p > 5 be a prime. Then
-1
] ) Cr1
Z 123k
k=0
13 13 .
(5)(—a? + 15p) (mod p?) ifp=a”+4y* = 1 (mod 4),

1 pgl 2 5 5 . |
- _%([p]> (1+2(10 - 305(2) = Gp(3) = 3H(g)) (mod #) 12| p =T,
12
p=1\?
_% <[129]) (1 +p(2 —3qp(2) — 2%(3) - gH[L])> (mod p2) if 12| p — 11.
12

-
N

Proof. Taking a = —% in Corollary 4.1 gives

p—l )Ck ) 1 p—l (Bk) (6k> 5 p—2 )C
=__ 3k ~ 3
Z;J 123k -2 ZO 1% 36 Z;) 123k (mod p).

Now, applying Theorem 3.5 and the known result for E ( )(3:) (22)12_3’€ modulo p?
yields the result.

Remark 4.1 For the conjectures concerning Theorems 4.2-4.5 see [25, Conjectures
5.4, 5.7, 5.11 and 5.16].
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5. The congruence for Z,f;% (Z) (_1k_a) (2]5) m mod-
ulo p?

Lemma 5.1. For any positive integer n and real number a # 0 we have

SO )

s (a) L 2200 gy AR Dnta) ( a ) (‘1 - “) <2”> S

a? a? n—1 n n )4n’

Proof. Let
F(“’k):(<2>< 1k_a)((k+11)2 2) - %(a?)(_%—a))(?)ﬁ,
G(a,k)_Q((Za—al )k +a) (kal < 1—a>( >41k

It is easy to check that F'(a,k) = G(a,k + 1) — G(a, k). Thus,

n—1 n—1
> Fla.k) =Y (Glak +1) — Gla,k) = G(a,n) ~ G(a,0) = G(a,n).
k=0 k=0

This yields the result.

Theorem 5.1. Let p be an odd prime, a € Zy,, a % 0,—1,
(a —(a)p)/p. Then

> <a) <_1 . a) <2k> :
k 2
= \k k k ) 4k(k + 1)
2a% +2a — 1 4a3 +6a®> —3a+2 , 5 A
=2 - 1 :
Sp(@)‘i‘ a2 Sp<a ) a3(a+1)(a+2) a’<a’ + )p (mOdp)

2 (mod p) and o =

Proof. Taking n = p — 1 in Lemma 5.1 and then applying Lemma 3.2 we see that

S () (%) s

B 202 + 2a — 1 2(a —1) a(a'+1) 4
:2Sp,1(a)+75p,1(a+1)+ a2(a+2)<_ ala+1) p)

d(a+1) 3 2a2+2a—1
=2 S, 1
Spla) + a(a+1)p * a? plat1)
N 2a2 4+ 2a — 1 ad(@+1) 4 2(a—1)d(a+1) 4
a2 @+D@+2)? " Blatrar2?

2a% +2a — 1 4a3 + 6a% — 3a + 2
=285 — 8 1 "(a' +1)p? d ph).
p(a) + a2 P(a+ )+ ag(a+ 1)(@"‘2) a (a’ + )p (mo p )

This proves the theorem.
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Theorem 5.2. Let p > 3 be a prime, a € Z, and a # 0,—1,—2 (mod p). Then
= <a) < 1- a> (%) 1
k 2
— k ) 4k(k+1)
-2
1 = /a\ [-1—a\C} 1
=(2- 7> - T 5 dp’).
( a(a+1) kz()(k:)( k >4k+a(a+1) pla) (mod p)
Proof. By Theorems 5.1 and 3.1,

2 () () (e

Mw

= 25y(a) + %Sp@ +1)
-2
a0+ Bt Z (5 (1) () - 5)
-2

This proves the theorem.

Theorem 5.3. Let p > 3 be a prime. Then

2

S —dp+ 75 (mod p') if p=a?+4y° =1 (mod 4),
S ) ) (02 (12
2w T e (o=as) ~2(aa)
(0 1)/2)’ |
=37y~ 3y74) B mod ) yalp=3

Proof. Since p | ( ) for £ < k < p, taking a = —% in Theorem 5.2 gives

(p— 1)/2 (1?—1)/2 (2k)2ck (p—1)/2 (2k)3

K 3
Z 64k =0 2, Mg~ L g (meds),
k=0 k=0 k=0

Now applying (1.1) and Theorem 3.2 yields the result.

Theorem 5.4. Let p be a prime with p > 5. For p =1 (mod 3) and so p = 22 + 3y>
we have

p—2 (3k 9p2
Q2 3

k=0
For p =2 (mod 3) we have

S

2 k:
(%)Ci
108k

k=0
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_ (p—1)/2\" 4 3 8 2
=-13(( 7 00) (1 (24 3002 - 303) 42 (14 50002 + Say(2)
-2
— 3ap(3) — 2¢p(2)gp(3) + §Qp(3)2 + gUp_LQ,)) —p? <E§ : éi?é) (mod p?).
Proof. Taking a = —5 in Theorem 5.2 yields

108k 2 108F 2
k=0 k=0

<%f>cz _ B EG 95 () () |

- 10k mod p3).

Now applying (1.2) and Theorem 3.3 yields the result.
Theorem 5.5. Let p > 7 be a prime. Then
2 (4ky 2 83:2—4}9—&—@ (mod p®) ifp=a?+2y®> =1,3 (mod 8)
(Qk) k — 3:1;2 ? )
256% ) L
k=0 —HRQ(p) (mod p?) if p=5,7 (mod 8).

Proof. Taking a = —i in Theorem 5.2 yields

p—2 4k 2 P—2 (2k\ (4k p—1 12k\2 (4k
C 22 (k)(Zk)Ck 16 (k) (2k) 3
= 227256k — g 2 aggr (mod pY).

k=0
Now applying (1.3) and Theorem 3.4 yields the result.
Theorem 5.6. Let p be a prime with p # 2,3,11. Then

pi 5 () G)
- Tr285(k + 17

(5)(82? — 4p) (mod p?)

16754 3g2) -
_25<1Pé]> (1+p(10 3qp(2)

ifp=2a+4y?> =1 (mod 4),

2 .
qp(3) — gH[%])) (mod p?) if12|p—T1,

DO Ot

[
p=1\ 2 5 5 . |
Proof. Taking a = —% in Theorem 5.2 yields

pi (GG _ 46 pf (00 365~ () E) (
2 eI CESER 2 s 2o 17osk

mod p?).

Now applying Theorem 3.5 and the known result for Ei;é (%f) (3,5) (gl;) 1728~ % modulo p?
yields the result.

Remark 5.1 Let p > 5 be a prime. The congruence for ,(f:_ol)/ 2 (2,5) 01364_]“ modulo

p? can be deduced from [29,(4)]. In [25] the author conjectured the congruences modulo
p? for the sums in Theorem 5.4-5.6.
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Calculations by Maple suggest the following conjecture.
Conjecture 5.1. Let p be an odd prime.
(i) For p=1,2,4 (mod 7) and so p = 2% + Ty* we have

(p—1)/2 ok P2
C',f = —68y2 +p—-— (mod p3),
k=0 < k: ) 4y2
(p-1)/2 (21:) 2 2
p=1 2]7 3
(-1)"= k) k= _1136y% 4 64p + — (mod p).
kzzo 4096F y?

(ii) For p=1 (mod 3) and so p = 2 + 3y* we have

(p—1)/2 (2k)02 2
k)Y — 4.2 b 3
>, =2+ 52 (mod 7).
k=0
(P=1)/2 12k 2
1 C
(-7 Z (55)6kk = —48y* + 8p (mod p?).
k=0

(P=1)/2 (2ky ~2 2
C p
E ((16_)8): = -32° +p— 16,2 (mod p°),

Funding The author was supported by the National Natural Science Foundation of
China (Grant No. 12271200).
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