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Abstract

This paper continues the disscussion of [1],and obtains the expressions of A_(k,n;
for m = 8,9,16, where

mTy, =2, if2m, ..
Am(k’n) = : . ’ T:(M) = Z ( k)
MT) =2 if 2m =

As a consequence, we prove the following

u =1 /p=( —1)2 2( 1)1 (modp)

_( 1)
k=1l

where p is an odd prime and u°=0,ul=1,u”1=2u~+u._l.
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T #Rgen L (7).
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L2imBEA_ (k,n)FRm T&_Hm‘) -2,
x=r(m) 3k x=r(mod m)MWEE,

r=-1
p_ La%t % R ¥ p Fermar iR

u (ab). v (a,b)RWMTH Lucas Folu . v,

1u0=0,u1 = l,u”] =bu“ —au,

\4,(a)=a

-1

=12,
l‘vo=2’wl=b’vu-(»'l=bvn—avu—l (n ’2 )

$21 A @p5EA,CpRTEAR

EE21 #4,. B (n=0,1)MFEX:
A,=B =B =0,4 =1,
A'+l ==4A' _2An—‘l _2Bn—1’Bu+l 243“ '—A'_l —ZBu—l (n= 1’2’-00)

W 2tp A=A (1T—rp) BE .
e+l
A1 (P)=2 2 +4ups1(2,4)—4u;p-1(28) + 8(Apss — Apey — B,_y)
2 2 2 2 2
L-’._]
A@P)= -2 7 +4up-1(2,4)+ 8(dp-1 + Bpoy — Byay)
2 2 2 2
Z"’_’
ABp)=—27 —4up_1(24)~8(Bps1 — B,-1)
2 2 2
13}
A (4p=27 — 4ug-§_1(2,4) +Aup1(2.4) - 831;_:
Lﬂ
AIG(S’p)=2 2 —4“2__2-}_](2,4)'*'4“%1(2,4)‘*83%1_
23]
A,5(6,p)= -2 2 -4u’_‘l(2’4)+8(‘8?—‘.‘l —Bu)
2 2 2

&]
A(p)=-22 +4uL;_1(2,4)-—8(A -1 +B

o
L

= Bps1)
2

g1
ABp)=27 +4up.1(2,4)—4up-1(2,4) - 8(4 p+1 — Ap-1 —B,_1)
2 ) 2 7 z

E EES(DBODRMA (p)=A,(0-rp)=A 07— rp). X1 (1) BH
w194
A kp+2)=A (k+1,0)+ 28 (kp)+A (k—1,p)
BT p BHEREE .
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1) p=1 wmmmﬁ
@) BEEXHW p XY, FETEN p+ 2 mﬂ:
A, (Lp+2)=A 020 +28 (1) + 4, (05) = A (2.0) + 34 (1,0)

s
=27 + 128541 (20 — 8up-1(28) + BB A pet —~ 2451 —2B,-1 — B,a1)
2 2 2 2 2 2

TS R :
=27 +4upes(24)— 4upa1(24) + B pas — A ps1 — Bpar)
2 2 2 2 2

B,2p+2)=A,G0)+28 (2.0)+A,(1p)

2+3
= =22 +4ups1(24) + 8(Aps1 —3Bpe1 + 4,1 +2B,1)
2 2 2 2 2

3
= =27 +4ups1(24)+8(Ape1 + Bys1 — Bpss)
2 2 2 2

“

23
= =27 —4up1(24)+8(Ap-1 +2Bp-1 —3Bps1)
2 2 2 2

-
“

= =22 —4up+124)—8(Bpss — Bpsa)
2 2 2

A (4p+2)=A (55)+28 ,(4,p)+A (3.p)

+3

etd
=22 —12up+1(28) + 8up-1(2,4) — 8B4y
2 2 2
!_t_’.
=27 —4u,.3(2,9+ 4uL§1(2,4)— 88,41
2 2
A Gp+2)=A (6.5)+2A (5p)+A (4,p)

p+3
=2 2 12u,_;1(2,4)+8u¢—1(2,4)+ 8Bp41
7 2

2+l .
=2 2 —414;‘_24-_!_(2:4)4—414%1(2,4)4-83&'_1
2

A (6.0+2)=A (1) +2A (60 + A (5.0)
L a3
-2 2 —4u%1(7,4)-—8(xl&1 4+ 2Bp-1 —3B,41)
2 2 2
etd
= —2 2 —4up1(24)+8(Byey — Bper)
2 2 2
A,(p+2)=A (Bp)+2A (7.p)+A (6,p)
p+3
- 212 +4u!_§_l_a,4)—8(.4,_+_1_ —3Bps1 4+ Ap—1 +2B,.1)
2 2 2 2

p£3
= —22 +4up+124)-8(Ape1 + Bpsr — Bpes)
2 2 2 2

A, Bp+2)=4,,00) +24,8.0) +A,(7.p)=34,8,p)+4,(7p)
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a2 +12u%1(2,4)—8u%1(2,4)f8(3AL;1—ugi! —23'_;_1-—3%1)

+
“

=27 4dup(2.4)- 41 Q4) — 8l pys — Aps1 — Bpsa)
2 2 2
Q) B EREFEERN —IER p BIL.

. . _ (1L #p= +(2i—1)mod32)
®iL 21 HpAFRM \0, Ep# + (2 1)Nmod32)

ny
uL___x(2+\/_2_,4)E(az—ez+so—e7)+(&:5—s4)ﬁ (modp)
2
uL+_1(2+\/-2_,4)E(81+£2—83—£‘+85+£6—87—-8.)
2
+(85+86—-83—-84)\5 {modp)
E B4, B WERTHEL, MEH
¥, 2+V2,4)=4,+B N2, n=01~
HEE21MA (5.p)~A 4p)= 16B,-1, 8

L4 4 —
Bz;_‘l = T%li-S(IG) - T';—l-l-‘(l‘) Ees —34 (modp)

X A (6,p)—A (3,p)= 16(3%1 "BL;_A)~ g
BL;f_: = B:_;_l + T;-.“m) - T;;—‘n(m =e¢, +¢,—¢&, —e (modp)
Bl A 2p)—A, (Tp)= 15(4%, + B,;_; - B%,) e
A,_;_l =¢,—¢,+¢&,—¢, (modp)

BIFE A,,(1L2)— A,,8,0) = 16(4g21 — 4po1 — Boct) R

A%; =z +¢&,—~&, —¢, +e,+e,—¢,—¢, (modp)

BE22 BUp, A () =8Tecs, 0 2", B

() 3 p = 1(mod4) Bt

ot

241
A'(O,p)BA.(l,p)=2 2 +2 4 u&‘(_lyz)’
2

gt g7
Ax(zyp)gA.(-,np)‘ -2 324 uL‘_‘(—ltz)v
2
[ L) 27
A,G.p)=8,(6p)= —2 2 —2 4 u,_1(~12),

2
prl g7
A@4p)=A,(50)=27 —2 % up(—12).

2
() % p = 3(mod4) B¢,

iESE.
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Bl ped
8,0n)=A1p) =27 +27 1,,,(~12),

2

<+ 1 +
AR =8 00)= -2 +2", (- 1),
. 2
8,60 =A,60)= —2"F _ 2%y, (1),
2

‘ el g+
A(@p)=A (5p)=27 —24 vL;_y(—l,Z).

E B(DWYADRRACP)=A(1—rp)=A,0-rp), &
A.(Opp) - A,(LP): A'(7,p) = A,(Z:p)a A‘(6,p) = A8(3:p), Aa(sap) = A'(4,p),

X :
Arp)+A (r+8p)= 16(Tez1, 00 + Teo,, ) —2%2"
=M6Tp, g -2"",
#
Byp)=8Toor, —2" =2[A, (0 + A, (r + 8,)] = 218, (rp) + A O~ r.p)]
BERD (8 (1) 8312 1.5)
1 A+222 . 4-7 ... 8 ]
L F T - s e VD) — VD)
, N 2§ (-12), #2
-(4?)‘-N‘-z-{u»rﬁ)'—(q)'u—ﬁ)'hj o > A
27y (—1,2)#m
FEr e 2.1 BHEEEY

H2AnBE A () A, (rn) THFRRE (1) 2 13, %)
A, (r,n)= Adrn—1)+ A, (r+1n—1)
A (rn)= A (rn-1) + A (r+1,n-1)

§ 22 JL145|m®

HEFFHIHE A, () ARIOBGEE | RIS A=
SIR21 B AYp,S=T} —T) . D=7} —1° M
(1) % p= 1(8) B¢, = (— 1)1?"2%3%.1(— 1.2),D = (- 1)'“3“2%'”.;_1(— 1,2);

@B p =3B B S = (~ )T 2T 0,1 (12,0 = (= T2 0,01~ 12),
2 2
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(3) % p=58) B, = (— 1)‘3"2?'%?_.(_ 1.2),0 = (- nL?‘gz?’u,;_,(- 19).

+

@Y p=708)0 5= (- 1)Lx"2'":"v%_,(— 1,2),D = (~ 1)%12%71»&_,(_ 1,2).
2

E (Dp=1(8), XAt

. =1 £zl
A, 0.) = Ay (40) = 8(Tec10) = Toct ) =B(= 1D F (Tg ~ Tie))=8(—1) 2 5,

| L4 P el » 1 4
A2p) = 8,(60) = 8(T oty = Toct ) =8(=1) T (T3 = Ty

p=1
=8(—1) ¢ D
T EH 2.2
g1 T3
A,(O,p)—A8(4,p)s'=2x2 ¢ uL;_l(—1,2),A,(2,p)-A,(6,p)-2x2 ‘ ug_;_z(—l,2)
#
p-1 p-1 1124y 1
S=(=1)* 24 4p01(~12),D=(—1) % 2 ¢ yp_;(—1,2).
2 2
(2) p=3(8), X (1) ¥R 1.878
A,0.p)—A,(4p) = S(Tg-;—lm - Tzzll van) = S(T%lm - TL;’ )
e=3 =3
=8(—1) ¥ (T;, —Te)=8(—1) ¢ D.
A, (2.p)—A,(6,p)= S(T;-;—‘ v T;—;-l o S(T:’%l - T Tg;—‘-sm)
e=3
==8(T:_;J+m—7’;;_:+m)=8(—1) 'S
MEEHE 2.2
2+l
AB(O’p)—A'(49p)=2X2 b V&l("l,z),
2
u_]‘
A, (2,p)—A,(6,p)=2x2 4 vgi_x(—-l,Z)-
¢
2=3 p=?
S=(-1) %24 v,..(~-12),
2
e=3 2=
D=(—1)7% 2% y,,1(—-12).

2

p=5(8) 5 p="1(8) WKL REATE .
51822 BpAFRM.S=Toq T4, D=To — Ty,

y
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% 1 % PEE: GAN _E-“(k)uxniemm(n) et

&

eh )k—l

sm142y DT

(modp®),
kwml k

+|’
z( l) (modp)
iE a\a(l')zalﬂnam

, -1 )kl p—l(_l)—
S=To, — ‘0)=1+p(§,__—k —El——k )
kmO(8) kwma®)
=) | ]
=1 Z g~ D)
lL—l F——l
P
=1+a (zzk-l ,lek)
=1+£ Z( D™ modp®)
k=] k
(=1n*" 1)*"‘ i Ty
, - -
D=Tuy— «n'P(E E. o LY M Ligg—s~ k¢
k-ll) & = 8)

e, ; L s| ] “1( l)t
=P =2y iz
2(24k—-1 Z,4k-—3) 2,2_:,2k-

kel 1

(modp®)
5| EBIE .

2
SIE23 W p W ak+ RN wE G ;4>=1,m

ul
Pluz_}l(—l,b)"’ﬂg.;g_l(—l,b)s(—l) 4 (mod p)
E Bu, =u, (—1b),v, =v (—1b), B (1) M3IE 165 1.7

v%_x =2+v, _,=2+2u —bu,  ,=2+2—0=4(modp)

BT phvpot, AT Pl
2 Vp—1

1

=Yy YUp_1Vp—1.
1 2 4 4
2

B (I)M313E 1.7

"L_l'*'b“z__ 5
"L.l"“L_S +“L__1"(_—2—_) tue

‘(V’__l +b ul___)+ug__:-—[v ,+(b +4)“r_]



(N 9 WAL BRI RS EMWEEER 1993 4

=100 g +4(~ 1)'7"12%[24_;_, — 4~ 1) Jmodp)
74
8 plizs B wogs = (= D7 (modp); % phpe B wpsr = — (=17 (modp)
TR p{u%x -y PI”p_;_l, FEASIERT .
5124 ®pHGRY .pim, W

T g Cwa-m-

m = -2 (mod p)
kglk‘ mk p P g
=1
Tk v (1—-m2)-2

2 E'ﬁ_ s —~—t——  (mod p)
i1 K P

iE m:mﬁﬁigﬁx

(a) z(:)(\/}")"=(1+xf7)’—1-(~/7n')’

kwm]

L&)

® I () =Vm)=a=Vm) —14+ Wy
M (@) Kok (5) K8 |
23 (D))" = +¥m) — (=)’ - 26’

ka]

FIB(I)W3IE15, 5

23 (" DO = Noru (1= m2)— o + Wy
Ep

=1

Lo mt = =t a - may "

#(DHW3IR1I A

X
%_l—ma—x _ ) 1 ml;—‘-a—t E__—__!?m%l_k
_,23‘-1 ,_,2(,;;1_,()_1 2 27k
1 eIy L m 5
= -3 2 .gk-mk z—-i ;)a.. e (modp)
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%1% PEE: BER E_(k) RIIOER (I ‘113

[ 223
2

1 el 1fm
® ;[u,(l—-m,Z)—-m 2 ]=—_(;)§:kom

+ (mod p)

(%4

Bl (I)MSIEI12880) K.
F@AmE @)X, NE

2( ))(JI)“=(1+~’7)’+(1—~/?)’—2

Bp

=1

2&%( ”)(\/?)"=l[vp(1—m,z)-z]

=]

g () =5 (17 )= - 5-mod ) 6% D) M.

SL3ERBIE.
s12s ‘&pﬂﬂﬁﬁﬁ,p/{m Ty

z——-mz r=(m—1)g, (m—1)—mq (m) (mod p)
’ m
; 17y _1/p=-1 _(=D*"
i &?p(k)—k<k_l)= (mod p), &
[@=m)’ = 14m")/p=L T (P)-m*= T ED— DT m* (mod p)
A
* 1
Z— [(m——l)'+l—mp]/p=;[(m-—1)"—(m—1)—m'+m].
=(m—1)q,(m—1)—mgq_(m) (mod p)
B—F®|
-1k L;Jmk 2l E;—1+k Lf‘lmk L}lm’;—‘n
§XT=§XT+k¥1p—1 EEIT—EIP+1
_+k .
2 2
!;lmk Ll!—;—lm%l‘-‘ L;—,mk %X
=l LT = L r @)
WEI BRI .

B’iL22 EpAFRE . pm
v (1—m2)~ 2m(’-£—)up(l —-m2)+m—-1" +(m—-1)=0 (modp’)
iF HSIE 24 HS|H 25745 .
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§23 A,(rp) 2AMMIEEA

fe% A (r.p) ARMELF , RAERES Lucas F5 u (-~ 1,2) WEGLHE . 4651, R
MRET u,_a)(~12)/ p. HRM H.C.Williams™ 3R #{ Fibonacci % F,_s, / p EX—4"

gam Lucas'lﬁ
EE23 Vo HTRMu, =-u (-12).0

(1) 2 p = 18) B p-1 = Ofmodp), upy1 = (~ 1T 27 (modp)
QYU p=38)8 up1 =(— I)L?Z%’(modp), ups1 =(— 1)%5 :z”‘z‘3 (modp)
2 2
3) % p=5(8) B ,%;5_1_ =(— I)L:2 Z%l(modp), “r__-;_l = 0(modp)

@Y p=18)8t Mp=t =(— l)%l2l?(modp), ups1 =(— l)u":l 2L:‘3 (modp)
i Q) H3IE 21 M5H 2.2 7%

p=1 _p-1 p=1 p=1
uz;z._x zO(modp),uui.l =(-1D*2 ¢« =(-1) = 2 4 (modp)
Q) B3E21 F5[E 228

' p=3 =p=? p+S p+S$
”L;_l(—1,2)=0(m°dp),”p_§_1(—1,2)3(—1) ¥ 2 4 =(—1)% 2 ¢ (modp)
FAB(1)W3E 1.7 58

wegt = vesa (— 1) = ea(~ 1) = (= D) "72"% (modp)

P+ p=3
u,%_g--‘;[2vl.;_1(—1,2)+2v,_;_1(—-1,2)]5(—1) t 2 ¢4 (modp)

p=5(8) 5 p=7(8) ZWBALITTE .

EME 23 ERRRTFAYN  BY—BURATEN ab, 4 b’ —da TR
7 $ont R ek g E u,;unodp. uLE_:_modp PRE RO R

R 23IWEA , RN/
EW24 Bphsk+1EXB p=x"+2y (xyeZ),ﬁl‘J |uu(—12)993'ﬁ'ﬁ%

FHR Aly.
i H3IE23MERE 238
p-1 p-1

E.l
plu;%l(—l.Z)“(—l) s 2 =(-1) = = 1(modp)

& teZ ¥ x = ty(modp), M
2 212 2 2 2
O=pwx +2y =2y +2y =@ +2)y" (modp)
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% 1 nas: 9ok E. _’(k) BIWEER(I) 115+

|yl < p, 81" = — 2(mod p), T
l 1

=1
T (- ,‘z—g(%)-(l‘p (modp)

Hp=x+2y =108) % (x,y) = 1,2{x,2|y.<§y-=2'y0,2fyo,m§

2%xy ex Y 2 £-1
_lz_.__-, ) = By )= E)=(~
H=—" QUSES EgH==(-17
EE p=2x" + 2y modl6 KB KK

Y p=1016) B, x= 1 18) =4y,

Y p=9(16) B, x= 1 1(8)=4ly.

5]
v-‘ | 2l S 4
24 -—-—)—(—-)E(-—l)’ 2 (modp)
. po1 gt
plup__(~12)“(—l) 2T = 1(modp) = 4ly.
SERAESE .

ME 8k + 1R p EHa’ + b0 HBY, N 4b B 3)(p.64) R

ZL:‘1 = 1(mod p) = x* =2(mod p)E M ~8lb
[+&re:ng
1

p-l p-l p=l b p— b
pluL:_x(—l,2)°~(-1) 824 =1(p)=(-1)8 ‘=1“—é-—§Z(mod2)
EEB2S WpATFRYE W

_1‘

4y g (= 12/ p= (=1 Z( D" (mody)
I ()p=16). B3IE 21 HIE228

g=1 p=t =1 p=1
(=1 827 v (=1,2)=(=1) % 2 % Qupes(—1,2)—2up=1(—-12))
2 2 2

!:.l
=28-2D22% u__ (—-12)

-1
-1 p-=1

p=1 p=1 p=!
=(—-1)8% 2 N u,__:(—l2) (-1 &2 e vu(—12)

2
- DQ2S—2D)=2SD= 2[1+42( l[ Z(—l)l

+1

=p 3 (—:—111- (modp”)
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Q) B3|HE 2.1 &4%_;_1(— 1,2)=v%,(- 1,2) + vp-1(—1,2) 40

=3 p=7

(=1 % 24 vpi(-1,2)=0D,
2

p=3 2=7
4(—1) 2 2 ¢ u,+1(—1,2) D+ S

[k i
o p—1 :l _ k
2 2L2—u’“(—-1,2)=D(S+D)ESDE§El%z—i—)T (modp?)
Bp
F—ﬂl ; 2 N
u,, (—12)/p=2""3 2.(2;—)1 = 2(2;—_)1— (mod p)
p=5(08)5 p=7(8) MEETEAMITIE .
B EE T
TR 2.6 &pﬁﬁﬁﬁ ﬁl'J
uz )k—l
® L=(-n7 42 L— (@mod p)
T v 1
) —=—4 Y ———— = (mod p)
km1k 0 2 ,_n+(-:x)"3"4k—-(-1) 2
iE () HB5IE24K O WBIE18A
u, g (- 1)/ p=gl (-1 2= -3 2%— (mod p)
B e 2.5 8 () RaL . |
(i) B 24 M (D WL 178
e t—l ot "“( )
-1
E. - =9, +3 E, =q,+2(~ E, %1
£ F_( I)L--Hz "_:—1’1_*'( l)k-o-%1
5—2§12k_1 2?_:1————1 —25)—————-—2]‘_1 (mod p)
% p= 1(mod 4) B
) i T i
kz. +(27c-)1 =22

Z2k—1 2241:—1

ke
Nk
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B nEE: 44R ._%:‘_'(k) BHFGER AT . 117 -
U p=3(mod 4) B

l‘%’ll+( 1),”1;_1 el ] ¢ )

Lot =2rnoi i

1k

At

s 3

L =4 v —1 — (modp)
k_‘k‘zk = a1 pP).

P 4k —(—1) 2
F3

k

§24 A (rn) FITHERIN

XF Ay (r,n), RATAH
BHE27T BAGN= 9T'§' vy — 2 () STFE XL

FO)=1,F(1)=0, F(2)=2, F(n +3)=3F(n+ 1)— F(n) (n=0,1,-)

i

A,(0,n) =6F(n) + 2(— 1)", A (£ 1,3) =3F(n) = 3F(n — ) — (- 1)",

A (£2,n)=3F(n—1)—3F(n)—=3F(n+1)— (= D", A,(£3,n)= —3F(n) +2(—-1)",

A (+4n)=3Fn+1)—(-1".

E OB A XA A (k) WREEIERR

Aykn+4)+ A j(kn+3)—3A(kn +2) =24, (kn + D)+ A (k,n) =0, n=0,1,
HULEE k Xt # B9 EITTIERERE .

=T

7 (modp) %r= £ZO)mt
Ay(rp)=9T}, =2 =
: [ -2 (modp) srs 20wt

B EE 2.7 X483

#Bit23 EpAKRTIWNRE FO) MEE 27 PEL, M

% p=+1(mod 9B Fp—1=1,Fp)=0,F(p+1)=2 (mod p)
()Y p= +2(mod B Fp—~1)= -2, Fp)=0,F(p+1)= —1 (mod p)
(i) % p= + 4(mod N Fp—1)=1,F(p)=0,Fp+1)= —1 (mod p)
FA @ a5 1.1 948

#it24 FopAXKFINKE.F)MERB2THEL, [
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Nt 2’2 Fip+1)—2
= y3. 2T 02
k p p

. $§
HYp= 190,37 (mod »)

= +3

modp)
a P » (modp

5! k-1 »
)% p= 20y, YD =2 3 F@oFleo D=2

(i) % p= £ 4(9) i,

%(-1)"‘ Y2 S Fe-D-Fp)—Flp+1)=2

kel k 4 p

(modp)

3 F X K

-~

7
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k=0 3
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