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ABSTRACT. Let p be an odd prime. In the paper, by using the properties of Legendre

p—1 2
polynomials we prove some congruences for ), 2/ (Qkk) m (mod p?). In particular, we

confirm several conjectures of Z.W. Sun. We also pose 13 conjectures on supercongruences.
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1. Introduction.
Let p be an odd prime. In 2003, Rodriguez-Villegas [11] conjectured the following
congruence:
(p—1)/2 (2k)2 -
(1.1) > lka = (—1)"= (mod p?).

k=0

This was later confirmed by Mortenson [7] via the Gross-Koblitz formula. See also [9]
and [10 p. 204] Recently my twin brother Zhi-Wei Sun [13] obtained the congruences for

P ( ) —* (mod p) in the cases m = 8, —16, 32, and made several conjectures for
S, (k) ~* (mod p?). For example, he conjectured
(12) (p_zl)/Q (2:)2 B { 0 (mod p?) if4|p—3,

' ~ 328 | 22— 2 (modp?) ifd|p—1andp=a®+b>withd|a—1

Let {P,(x)} be the Legendre polynomials given by

o)t" (|t < 1).

\/1—2xt—i—t2 Z

It is well known that (see [6, pp. 228-232], [4, (3.132)-(3.133)])

[n/2) .
1 2n—2k) non 1 .d_(:cQ_l)n

2” k‘n— n—2k')aj ~2n.pl dgn

(1.3) P,(x)
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and (n+1)P,41(x) = (2n + 1)zP,(z) — nP,_1(x), where [z] is the greatest integer not
exceeding x.

In the paper, by using the expansions of Legendre polynomials we obtain some con-
gruences for Ppg_l () modulo p?, where p is an odd prime and z is a rational p-integer.
For example, we have

p=1 2K\ 2
(1.4) (1k62c (2" — (—1)1051 (1 —2)") =0 (mod p?)
k=0
and
(1.5) = (2:) (wk — <E)x_k) =0 (mod p) for z#0 (mod p)
' — 16% P N ’

T

where (5) is the Legendre symbol. Taking z = 1 in (1.4) we obtain (1.1) immediately,
and taking z = 3 in (1.4) we deduce (1.2) for p = 3 (mod 4). We also determine

p—1 2k\ 2
3] 3k
k=0 (322 k(k—1)---(k—r+1) (mod p?) for r € {1,2,..., 21}, ka/o 54(1k %,3 (mod p)
and pose some conjectures on supercongruences concerning binary quadratic forms.

Throughout this paper we use Z, N and Z, to denote the sets of integers, positive
integers and rational p-integers for a prime p, respectively.

2. Main results.

Lemma 2.1. Forn € N we have

Py (z) = Z”: <n2j;k-) (2:) <x;1>k

Proof. From [4, (3.135)] we have the following result due to Murphy:

(2.1) Pn(@:i(’;) ("Zk)(”“";l)k

k=0

As (”+k) (Qkk) = (”Zk) (Z), we obtain the result.

Lemma 2.2. Let p be an odd prime and k € {1,2,...,(p—1)/2}. Then

p—1 2k k
(%) = (7 ) o



Proof. Clearly

(”2;1+k) (R k1) (B k)

2% (2k)!
_(p+2k—1)(p+2k—3)---(p— (2k—3))(p — (2k — 1))
22k . (2k)!
_ @ -1)p* -3 (0° - (26— 1)?)
22k . (2k)!
C(=1)F 1232 (2k — 1)2 . 1 A
= 92k . (2k)! (l_p Zm> (mod p7).

1=1

To see the result, we note that

12822k~ 1)? (2K)" _ e ()
22k . (2k)! T (2-4---(2k))2- 22k (2k)! 24k 12 T 16k

Let p be an odd prime, and let {A(n)} be the Apéry numbers given by
n n+ k‘ 2 n 2
A(n) = .
-2 (") ()
It is well known that (see [1],[10]) A(25*) = a(p) (mod p?), where a(n) is defined by
g [T - A=) = a(n)g"
n=1 n=1

By the fact ("zk) () = (”+k) (zk) and Lemma 2.2 we have

2k k
. Bt p—1 2 2 2k 9 2
A<pTl> :kg( 221:r k) (2:) E;ﬂ((ff(s))k) (2:> (mod p7)
Hence
_ (P 1\ _ < (zkk)4 2
(2.2) a(p) = A(T) = (mod p?).
k=0

Let b(n) be given by ¢[[—,(1 —¢*)% = >>2  b(n)q™. Then Mortenson [8] proved the
following conjecture of Rodriguez-Villegas:

Bt ok 3
(2.3) > (4'632 = b(p) (mod p?).
k=1



Theorem 2.1. Let p be an odd prime and let x be a variable. Then

p—1 (2k)2 132_1 o
1k6k (mk - (—l)p (1—2)%) = Z 1 (-7 (1- x)k) =0 (mod p?).
k=0 k=0

Proof. For a variable ¢, by Lemmas 2.1 and 2.2 we have

(2.4 :i( )(2:)(15—1) Ei F) (1—t> (tm0d 7).

k=0

It is known that (see [6]) P, (t) = (—1)"P,(—t). Thus, by (2.4),

& (7 1ty L () 1tk
Lo () =Y () (mod ).
16k 2 16k 2
k=0 k=0
. 137_1 p—1
Now taking ¢t = 1 — 2z in the congruence we deduce ), 2, 16 —(-1)= (1 -

z)¥) = 0 (mod p?). To complete the proof, we note that for k € {i ig, ...o,p—1},
(2:) =2k(2k—1)---(k+1)/k!' =0 (mod p).

Theorem 2.2. Let p be an odd prime. Then

p-L 2
i(%f) E{()(modp) ifd|p—3
32k 2a — £ (mod p?) if4|p—1andp=a®+0b* with4d|a—1.

Proof. When p = 3 (mod 4), taking # = 3 in Theorem 2.1 we obtain the result. Now

suppose p = 1 (mod 4) and so p = a® + b* with a,b € Z and a = 1 (mod 4). It is well
known that ([6])

(2.5) Poni1(0) =0 and Py, (0) = (;2173” (2”)

n
Thus, by (2.4) and (2.5) we have

1

= P, (0) = g(ﬁ) (mod p?).

k=0 4

According to the result due to Chowla, Dwork and Evans (see [2] or [3]), we have

p—1 -1
= 2P +1 D
2 — 2
(pzl) = T(m— %> (modp )
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Set ¢ = (2%1 — (—1)p4;1)/p. Then 2771 =1+ 2(—1)%qp (mod p?). Thus

=111  249(—1)% _
FL_ 242N T gy (oq ),
2-27=  2((-1)"7 +qp)

Hence
B2 ok 2 p—1 —1 p—1 —
i (k‘) _ (_1)134 pT _ (—1>p4 .2p 1+1(2a_£> :2CL—£ (mOdp2>
— 39k 21’7*1 % - 2”771 2 2a/) 2a ’

The proof is now complete.

Remark 2.1 Theorem 2.2 was conjectured by Zhi-Wei Sun ([13]), and the congruence
p—1 (2k)\2
for 3,2, (3’“22 (mod p) was also proved by Zhi-Wei Sun in [13].
Theorem 2.3. Let p be an odd prime and r € {1,2,...,(p—1)/2}. Then

=’

S
)

k(k—1)--(k—r+1)

32k
k=0

0 (mod p?) ifd| (p+1—2r),
= p—1+42r = p—1 p=1 r)! .

(1) e ey (mod p?) if 4| (p— 1 20).

Proof. By (2.4) we have

@ Pep () & () dre—1)F
dtr N pars (—32)k dtr
(2.6) o
2 (Zk)
= R k(k—1)---(k—7r+1)(t—1)*"" (mod p?)
(—32)%
k=0
Hence »
dr Pbl (t) pT (2k)2
—=—1 =(-1) ko k(k—1)---(k—7r+1).
G|y = OV kD (k)

By (1.3) we have

[B7H]

dr 1 d’
%P%;l(t) = 56-0/2 g Z—o m!(E5E — m)|(252 — 2m)!

[p—14—2r]

B 1 Z (=1)™(p—1—2m)!
S 2-1/2 (sl (2L 2m)!

—1 —1 —1 _
Thus,

dtr (=)™ (p—1—-2m)! if p = P=L

2(0=1)/2.m!(2L —m)! 2 2m.

d" Py (t)) { 0 if r # 251 (mod 2),
t=0 N

Now combining all the above we obtain the result.
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Corollary 2.1. Let p be an odd prime. Then

1 p p—1 pt3 .
g2 (2}5)2 (—1)#2_7 %f% (mod p?) if p=1 (mod 4),
k= o opht
k=0 32 (—1)%2_%1 :Tt'i (mod p?) if p=3 (mod 4).

Proof. By Theorem 2.3 we have

1 P;r_l

(—1)5 2" .i (mod p?) if p=3 (mod 4)

B k(2kk)2 B { 0 (mod p?) if p=1 (mod 4),

’U

k=0 223

and

3

N2 k(k 1)( )2 B { (—1)#2_%1 — ?g| (mod p?) if p=1 (mod 4),

% 4 4
32 0 (mod p?) if p=3 (mod 4).

’U
-

OMN

Observe that k% = k(k — 1) + k. From the above we deduce the result.

Lemma 2.3. Let p be a prime greater than 3 and let t be a variable. Then

P (3k) 41—tk
Prey(t) = Z (k'?’) (5—4t> (mod p).

Proof. Suppose r =1 or 2 according as 3 | p — 1 or 3 | p — 2. Then clearly

(’%4—]@)_(1%+k)(%i+k—1)'--(%—k+l)

2k B (2k)!
_(p+3k—r)p+3k—7r—-3)---(p—(Bk+r—13))
B 32k . (2k)!
:(_1)k(3k—r)(3k—r—3)---(3—r)~r(r+3)---(3k+r—3)
- 32k . (2k)!
_ (=D*-Bk)! (=1 (3k)!
©3-6---3k-32k.(2k)! 3k .E!.32k.(2k)!

(mod p).

Hence, by Lemma 2.1 we have

[p/3] [p/3]
[B]+ K\ [2k\ t— 1.k (=1)* - (3K)! (2k)! /it —1\*
p[g](t)zz(:%% )(k>(T) =2 3k EI(2k)! kP2 < 2 )

k=0 k=0

[p/3]

(Bk)! /1 —t\k

:Zz7k.k!3< 2 ) (mod p).
k=0

This proves the lemma.



Theorem 2.4. Let p be a prime greater than 3 and let x be a variable. Then

[p/3]
S0 0Lk L1 — 0)) =0 (mod p)
>

Proof. As P, (t) = (—1)"P,(—t), using Lemma 2.3 we deduce
[p/3]
(3k)! /1 —t\k w3 (L VR
2 27k.k!3<< 7)) —(OP(57)T) =0 (mod p).

k=0

Now putting ¢ = 1 — 2x in the congruence we obtain the result.

Corollary 2.2. Let p be a prime greater than 3. Then

S = ()

Proof. Taking z = 1 in Theorem 2.4 and noting that (—1)P/3 = (£) we deduce the

result.
Remark 2.2 By [8] or [10, p. 204] we have the following stronger supercongruence

—1 k!
S8 SSR = (2) (mod p?).

Lemma 2.4. Let p be an odd prime and k € {1,2, ... ,%}. Then

((p —k1>/2> _ (_i)k (2:) (1 _pé T1—1> (mod p?).

Proof. It is clear that

(%) - (B —ktD)  (p-1)(p-3)--(p—(2k—1))
k k! o -l

I
—~
|
—_
SN—
—~
|
w
S—
> .
=
A
[\
™
|
—_
/N

G
_pZQi—l)
=1

—1)k - (2K)! AR )
- (226-/%:(!)2) <1_p212i—1> (mod p7).

This yields the result.

Theorem 2.5. Let p be a prime greater than 5. Then

{O(modp) if6|p—75,
k'3_ 2A (mod p) if6|p—1andp=A2+3B? with3| A—1
7
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k=0



and

[pf]h(?)k)!_ 0 (mod p) if6|p—1,
— 545 kB T | H(—1)" 2 (PEUR) (mod p) if 6] p— 5.

Proof. Taking ¢t = 0 in Lemma 2.3 and applying (2.5) and Lemma 2.4 we deduce that

pz (3k)! { 0 (mod p) if p="5 (mod 6),
=9 (_1)e-D/6 0, - :
Pt k13 (22741)/3(8_3;2) = (EZ—B%) (mod p) if p=1 (mod 6).

Now suppose p = 1 (mod 6) and so p = A2 +3B? with A, B € Z and A =1 (mod 3). By
[2, Theorem 9.4.4] we have (Eﬁjg%) = 2A (mod p). Thus the first part follows.
By Lemma 2.3 we have

d [p/
)= — Z k'3 k(1 =) (mod p).
Thus, dtP[E] >}t:0 =— Ef:/g] &f”;,); (mod p). From (1.3) we know that
d 0 if p=1 (mod 6),
a1 0o = 9= (1) it ifp=5 (mod 6).
6 ° 6 °

Thus the second part is true.

Lemma 2.5. Let p be an odd prime and k € {1,2, ... ,%}. Then

( ) ((p 1)/2+k)

kg L (=172
Gk El+2p;72i_153—2(—4)

)

(mod p?).

Proof. It is clear that

(_1)k((p—1])€/2+k) B (%_Fk)(%;l—i_k_l)'..(%_l_'—l)

((P=D72) S (—RRE (L 1) (B k1)

_ (p+2k—-1)(p+2k-3)---(p+1)

(DR -1)(p-3)---(p— (2k—1))
1-3--(2k = D)(1+p Y0, 5727)
1‘3"'(2]‘?_1)(1_]92? 122‘11>

E<1+p22 _1> _1+2p27 (mod p?).

This together with Lemma 2.4 yields the result.
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Theorem 2.6. Let p be an odd prime, x € Z,, and x # —1 (mod p). Then

PpT—l(aU) = (@)P%;l (?;i) (mod p).

Proof. It is known that (see [4, (3.134)])

r= 2 (1) (5

k=0

Thus, using Lemma 2.5 and (2.1) we see that

Pg;l(x)=<$;1> ; k:0<?) <i:>k
() () ()
)12 170) = (45D (35)

This proves the theorem.

Corollary 2.3. Let p be a prime of the form 4k + 3. Then p | P,§_1(3).

Proof. By Theorem 2.6 and (2.5) we have Py (3) = (%)pprl (0) =0 (mod p).

Theorem 2.7. Let p be an odd prime, x € Z, and x # 0 (mod p). Then

Proof. Clearly the result is true for = 1 (mod p). Now assume z #Z 1 (mod p).
As P,(t) = (=1)"P,(—t) (see [6]), using Theorem 2.6 we see that for ¢ € Z, with
t # £1 (mod p),

ACDyp,, (320 = s (D b (2 (mod ).

P 1+¢ D 2 \1—1¢
Thus,
3—t\ _ /t?-1 3+t
P (150) = (55 7) e (7)) ot
Now applying (2.4) we deduce that
prl(zk)Q 1— 3=t 4 2 p2;1(2k>2 1 — 3%t 4
SO (S G (Y s
£ 16" 2 p )& 16k 2



and so

MF

> <<:_—1>k—<(t_1>;(t+1))<zi—1>k>EO(modp)_

Set t = (14 2)/(1 — z). Then t # +1 (mod p) and z = (¢t — 1)/(t + 1). Hence the result
follows.

Let p be an odd prime, and = € Z, with z # 0,1 (mod p). By Theorems 2.1 and 2.7
we have

(p—1)/2 (2k)2 (p—1)/2 (2k)2
k

k) _ (rx—1)
e X e = () B ey )

k=0 k=0

Theorem 2.8. Let p be an odd prime, x € Z, and x # 0 (mod p). Then

> (2) (5)" = () (2

k=0

1

) (mod p).

Proof. From [4, (3.138)] we have the following result due to Kelisky:

2.8) Z": (22 - ik) (2:) 22 = 92nynp <a: —|—2:c—1 >

k=0

Taking n = (p — 1)/2 in (2.8) we have

§1 (p;:2k> (2:):82 _op—1, Pp ) <x +2x_1) _ <%>Pp71<m+2x—1) mod )
k=0

To see the result, using Lemma 2.2 we note that for 0 < k < %,

p—1-2k (p—1—2k)(p—2_2k)...(p_(%4_]{))
(2.9) ( 192;1—k): (=L
_ (_1)%4_k(2k+1)(2k+2)--.(%—1+k)
N (=1 — )
p=1 L (2k
= (—1)1)7_1"“( 22]: k) =(-1)"= (122 (mod p).

Theorem 2.9. Let p be a prime of the form 4k +1 and p = a® + b with a,b € Z and
a=1 (mod 4). Then

[un

p*l p—

M’




p—1 p—1
Proof. By Theorem 2.1 and (2.4) we have ), 2, (2:)28_7“ =>2 (2kk)2(—16)_k =
Py,-1(3) (mod p?). From Theorem 2.6, (2.5) and Gauss’ congruence (Egj%i) = 2a
(mod p) (see [2]) we have

—1)(p—1)/4 _ -
P%(?’) = (%)P%;l(o) = (}%)(22_71)/2 (8; B EZ) =(—1)"7 -2a (mod p).

Write Pp2;1(3) = (=1)" -2a+ gp. Then Pps (3)2 = 4a? + (—1)"7 - 4dagp (mod p?). By

a result due to Van Hamme [15], we have (Z,:EO (2) (%4']“))2 = 4a® — 2p (mod p?).

This together with (2.1) yields Pp (3)? = 4a® — 2p (mod p?). Hence (—1)13771 ~daq =

—2 (mod p) and so Pp2;1(3) = (—1)1’4;1 . 9a —
the above we obtain the result.

m (mod p?). Now combining all

Remark 2 3 For a prime p = 4k + 1 = a? + b* with a = 1 (mod 4), the congruence

(p 01)/2 ( ) 8k = (p_l)/Q (Qkk)2(—16)_k = (—1)E 2a (mod p) was proved by Zhi-

. 1)/2 —-1)/2 2 -
Wel Sun in [13], and he also conjectured Z(p )/ ( ) 8 = §cp:0 )/ (2:) (—16)"F
= (-1 (2a — £ (mod p?).

Theorem 2.10. Let p be a prime of the form 4k 4+ 1 and so p = a® + b* with a,b € Z
and a =1 (mod 4). Then

p—1
: _ 1 2t bt P 2
1 =35 +(-1)%a—(-1) P (mod p*).
k=0
Proof. Since Zk 0 (zk) 167" + Zk 0 (Qk) (—16)7F = 2Zk 0 (4’]:) 162% by (1.1)

and Theorem 2.9 we deduce the result.
For a prime p > 3 and A, B,C € Z,, let #E,(y*> = 2 + Ax? + Bz + C) be the number
of points on the curve E, : y*> = 2® + Axz? + Bz + C over the field F,, of p elements.

Lemma 2.6 ([5]). Let p > 3 be a prime and X\ € Z,, with A # 0,1 (mod p). Then

p+1— #E (0 = 2(z — 1)(a - > ( +k)( : )(—A)k (mod p).

M

Theorem 2.11. Let p > 3 be a prime and t € Z,. Then

P%(t)E];(z:) (13—2t>k5_<_?6>§<:c —3(t2+3?:+2t( 9)> (mod ).



Proof. For t = £1 (mod p) we have

RN 2% = 3(2 4 3)x + 2t(12 — 9)
2| p )
_ ’g) <:c3 - 1]2)3: ¥ 16) _ j; <(2x)3 - 1]2)(233) ¥ 16) _ <]g)> j; <:c3 —]?;a: ¥ 2>

- (35 () () (5 (222 () - ().

Thus applying (2.4) and the fact P,(£1) = (£1)™ (see [6]) we deduce the result.
Now assume t # £1 (mod p). For A, B,C € Z,, it is easily seen that (see for example
(12, pp. 221-222))

m3+Ax2+Bx+C’>

p—1
#Ep(y = o + Az® + Be+ C) =p+ 1+ ( .
z=0

Taking A = (1 —¢)/2 in Lemma 2.6 and applying the above and (2.1) we see that

p—1

P =3 (T (TS

=(-1)7 (p+1-#Ey(y* = ax(z — 1) (= — (1-1)/2)))

S (e Do =002} (0.
x=0
Since
L a(r— D)z — (1-1)/2)
> ( ; )
S (EE-DG 1Y S (o= tt
-5 (M) - () (et

p

S(E (e

_ (%) 2 (<~”€ — 5P+ (-3 —p%)? —2(t — 1)(z §>)

_ (%>§<x3 ! ;3:;+ % 2‘7““) _ (92((%)3 - ;Sf g 2—71&)
- (S) pzj) (w?’ —3(t* + 3;:c+2t(t2 - 9>>,

by the above and (2.4) we obtain the result. The proof is now complete.
12



Theorem 2.12. Let p > 3 be a prime. Then

p—1 p—1

&2k &N L B 7232 — 7378
PPTI(_?’l):];)(k) :;;) 256" :_<§);( D ) (mod p),
P, (33)

= 2k\ 2 o (2 pin 1 /2% — 91z + 330
=3 () = kg%z(—w Y () o)
ESE 2k 2 5 P 2k 2 b P71 8 104 — 30
P%w—w)zkz:jo(;,? z<;>kz::0§;§kz<—1> P () wd ),
_p2;1 (2k)2 B ?E_lpg;l (2@)2 B ?%pq 23— T4 6
Pa(9)=3 L= kZ_O(_gM:(—l) ;(f) (mod p),
PR S N A o P S PP
P (5) = 2 (—ks)k - <?) 2 (—gz)k - _(§> ;}( » ) (mod p).

Proof. Taking t = —31 in Theorem 2.11 and applying Theorem 2.7 we see that

_pz;l k2_pT_1 2k2_ e bl 3 — 2 T — 2_)
st =3 (1) = 2 g =G ()

b7 = b

B _<—6>*§ <(2x)3—4~723~2:c—8~7378>

_ _<—_3> ”i <:c3 — 723z — 7378) (mod p).

p/ = p

Taking ¢ = 33 in Theorem 2.11 and applying Theorem 2.7 we see that

Pyi (33)
p—1 p—1
= o\ 16y = (%)’ —6\ &2 /2% — 3276 + 71280
= —1 k( ) = (— kS = —<— <
];)( ) k D ) ];) (—256)F D ) ;} P )
_<—_6> = <(6:1:)3 —36~91~6:c+216~330>
p /&= P
—1\ &= /a3 — 91z + 330
DR )

The remaining congruences can be proved similarly.
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For a,b,n € N, if n = ax? + by? for some z,y € Z, we say that n = azx?+ by?. In 2003,
Rodriguez-Villegas[11] posed many conjectures on supercongruences. In particular, he
conjectured that for any prime p > 3,

1 (4k)! { 422 — 2p (mod p?) if p=1,3 (mod 8) and so p = 2% + 2y2,

k14 = 2 e
r=o 290 k 0 (mod p*) if p=5,7 (mod 8)
and
p—1 (Sk) [ 42® —2p (mod p?) if3|p—1and so p =22 + 3y?,
108’“ ~ 1 0 (mod p?) it3p—2.

k=0

Recently the author’s twin brother Zhi-Wei Sun ([13,14]) made a lot of conjectures on
supercongruences. In particular, he conjectured that for a prime p # 2,7,

pil <2k)3 B pil (4k)! { 42? — 2p (mod p?) if (8) =1 and so p = 2% + Ty?,
= = . p
7

k=0 0 (mod p?) if () =-1.

Inspired by their work, we pose the following conjectures.

Conjecture 2.1. Let p > 3 be a prime. Then

i (4k)! { 422 — 2p (mod p?) ifp=1 (mod 4) and p = 2 + y* with 21 x,
0 (mod p?) if p=3 (mod 4).

Conjecture 2.2. Let p > 3 be a prime. Then

pl _ [ 42* —2p (mod p*) ifp=1 (mod 3) and so p = 2* + 3y?,
— 144 kk'4 ~ | 0 (mod p?) if p=2 (mod 3).

Conjecture 2.3. Let p # 2,3,7 be a prime. Then

p-l 422 — 2p (mod p?) ifp=1,2,4 (mod 7) and so p = x> + Ty?,

(—3969)k k14 :{ 2 e
k:() 3969 k’ 0 (mod p?) if p=3,5,6 (mod 7).

Conjecture 2.4. Let p # 2,3,11 be a prime. Then

pi (6k)! { (45)(42? = 2p) (mod p?) if4|p—1 and p = 2* +y* with 21z,
—~ 663%(3k)!k!3 | 0 (mod p?) ifd|p—3.
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Conjecture 2.5. Let p > 5 be a prime. Then

pil (6k)! B { (_75)(4:c2 —2p) (mod p?) ifp=1,3 (mod 8) and p = 22 + 232,
—~ 203 (3k)!k!1 | 0 (mod p?) if p=5,7 (mod 8).
Conjecture 2.6. Let p > 5 be a prime. Then
pil (6k)! B { (E)(42* —2p) (mod p?) if3|p—1 and so p = x* + 3y?,
— 54000%(3k)!k!3 | 0 (mod p?) if3|p—2.

Conjecture 2.7. Let p > 5 be a prime. Then

2 (~12288000)(3F) 113
B (1]70)(L2 —2p) (mod p?) ifp=1 (mod 3) and so 4p = L? + 27M?,
~ | 0 (mod p?) if p=2 (mod 3).

Conjecture 2.8. Let p > 7 be a prime. Then

Z (6K) { (&) (da® — 2p) (mod p?) if (£) =1 and so p = 2> + Ty,
= (=15)%*(3k)!K!* — | 0 (mod p?) if (2) = —1
Conjecture 2.9. Let p#2,3,5,7,17 be a prime. Then
pil (6k)! _ { (58=) (42 — 2p) (mod p?) if (B) =1 and so p = 2* + Ty?,
"~ 25555 (3k)K13 ~ | 0 (mod p?) if (2) =

Conjecture 2.10. Let p > 3 be a prime. Then

pil (Qkk)Q(Skk) B { 42% — 2p (mod p?) if p=1 (mod 3) and so p = 2% + 3y?,
ko 2 TN

— 1458 0 (mod p*) if p=2 (mod 3).

Conjecture 2.11. Let p > 5 be a prime. Then

422 — 2p (mod p?)  if p=1,4 (mod 15) and so p = 2% + 1592,

p—l 3k
1)53(k ) =< 2p— 1222 (mod p?) if p=2,8 (mod 15) and so p = 3x2 + 5y?,
k=0 0 (mod p?) if p=7,11,13,14 (mod 15).
Conjecture 2.12. Let p > 5 be a prime. Then
422 — 2p (mod p?) if3|p—1,p=2%+3y* and 5| 2y,
p_l 3’“)_ p—22% £ 62y (mod p?) if3|p—1,p=a?+3y? 5tay
k:() 8640 - and x = +y, £2y (mod 5),
0 (mod p?) if 3| p—2.

Conjecture 2.13. Let p > 3 be a prime. Then

pil (3k)! _{( 2)(2z — £) (mod p?) if3|p—1 and so p = x* + 3y?,
:054k'k!3_ 0 (mod p?) if 3| p—2.
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