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Abstract

Let p43 be a prime, and Npð f ðxÞÞ denote the number of solutions of the congruence

f ðxÞ � 0 ðmod pÞ: In this paper, using the third-order recurring sequences we determine the

values of Npðx3 þ a1x2 þ a2x þ a3Þ and Npðx4 þ ax2 þ bx þ cÞ; and construct the solutions of

the corresponding congruences, where a1; a2; a3; a; b; c are integers.

r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

Let p be a prime greater than 3, and let Z be the set of integers. In this

paper we study the general cubic congruence x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ

and the quartic congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ; where a1; a2; a3;
a; b; cAZ:

Denote the number of solutions of the congruence f ðxÞ � 0 ðmod pÞ by

Npð f ðxÞÞ: Let ðd
p
Þ be the Legendre symbol, and let D ¼ a2

1a2
2 � 4a3

2 � 4a3
1a3 � 27a2

3þ
18a1a2a3 be the discriminant of the cubic polynomial x3 þ a1x2 þ a2x þ a3

(cf. [17]). According to Stickelberger [5,14], Dickson [6] and Skolem [9,11]
we have
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Theorem 1.1. If p43 is a prime, a1; a2; a3AZ and p[D; then

Npðx3 þ a1x
2 þ a2x þ a3Þ ¼

0 or 3 if ðD
p
Þ ¼ 1;

1 if ðD
p
Þ ¼ �1:

(

In 1829 Cauchy (cf. [4,18]) proved

Theorem 1.2. Let A;BAZ; and let p43 be a prime such that p[AB and ð�4A3�27B2

p
Þ ¼ 1:

If fvng is defined by v0 ¼ 2; v1 ¼ B and vnþ1 ¼ Bvn þ ðA
3
Þ3vn�1ðnX1Þ; then

Npðx3 þ Ax � BÞ ¼
3 if vðp�ðp

3
ÞÞ=3 � 2ðp

3
ÞðA

3
Þð1�ðp

3
ÞÞ=2 ðmod pÞ;

0 if vðp�ðp
3
ÞÞ=3 � �ðp

3
ÞðA

3
Þð1�ðp

3
ÞÞ=2 ðmod pÞ:

8><
>:

In 1992 Spearman and Williams [12,13] revealed the connection between
cubic congruences and binary quadratic forms. They established the following
result.

Theorem 1.3. Let a1; a2; a3 be integers such that x3 þ a1x
2 þ a2x þ a3 is irreducible

over the field of rational numbers and has a non-square discriminant D: Let HðDÞ
denote the form class group of classes of primitive, integral binary quadratic forms of

discriminant D: Then there is a unique subgroup Jða1; a2; a3Þ of index 3 in HðDÞ such

that if p is any prime 43 with ðD
p
Þ ¼ 1; then Npðx3 þ a1x

2 þ a2x þ a3Þ ¼ 3 if and only

if p is represented by one of the classes in Jða1; a2; a3Þ:

From the above we know that solving cubic and quartic congruences has a long
history. For more results along this line one may consult [1–3,7,18,19].

For integers a1; a2; a3 let fung and fsng be the third-order recurring sequences
defined by

u�2 ¼ u�1 ¼ 0; u0 ¼ 1; unþ3 þ a1unþ2 þ a2unþ1 þ a3un ¼ 0 ðnX� 2Þ

and

s0 ¼ 3; s1 ¼ �a1; s2 ¼ a2
1 � 2a2; snþ3 þ a1snþ2 þ a2snþ1 þ a3sn ¼ 0 ðnX0Þ:

In the paper we mainly determine the values of spþ1; spþ2; up�2; up�1; up modulo p: As

applications, we introduce new types of pseudoprimes, obtain the formulas for

Npðx3 þ a1x2 þ a2x þ a3Þ and Npðx4 þ ax2 þ bx þ cÞ; and construct the solutions of

cubic and quartic congruences in terms of fsng as well. As examples we have the
following typical results on cubic and quartic congruences.
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(1.1) Let p43 be a prime, a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3; b ¼ �2a3

1 þ 9a1a2 � 27a3

and D ¼ � 1
27
ðb2 � 4aÞ ¼ a2

1a2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3: If p[ab; then

Npðx3 þ a1x
2 þ a2x þ a3Þ ¼

3 if Du2p�2 � 0 ðmod pÞ;
0 if Du2p�2 � ða2

1 � 3a2Þ2 ðmod pÞ;
1 if Du2p�2c0; ða2

1 � 3a2Þ2 ðmod pÞ:

8>><
>>:

Moreover, if Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 1; then the unique solution is given by

x � ð�a2
1a2 þ 6a2

2 � 9a1a3Þup�2 þ a3
1 � 6a1a2 þ 27a3

�bup�2 þ 3ða3
1 � 3a2Þ

ðmod pÞ:

(1.2) Let p43 be a prime, and a1; a2; a3AZ: If p[a2
1 � 3a2; we have

Npðx3 þ a1x2 þ a2x þ a3Þ ¼
3 if spþ1 � a2

1 � 2a2 ðmod pÞ;
0 if spþ1 � a2 ðmod pÞ;
1 if spþ1ca2; a2

1 � 2a2 ðmod pÞ:

8><
>:

Moreover, if Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 1; then the unique solution of the

congruence x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ is given by x � ð2a1a2 � 9a3 �

a1spþ1Þ=ð�2a2
1 þ 3a2 þ 3spþ1Þ ðmod pÞ; if Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 0 and p[a2

1 �
3a2; then ð2spþ2 þ a1a2 � 3a3Þ2 � D ðmod pÞ; if Npðx3 þ a1x

2 þ a2x þ a3Þ ¼ 3; p[D

and x0 ¼ 1
2
ðð�a3

p
Þspþ1

2

� a1Þc� a1 ðmod pÞ; then

x � x0;
1

2
�a1 � x07

d

3x2
0 þ 2a1x0 þ a2

� �
ðmod pÞ

are the three solutions of the congruence x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ; where D

is given by (1.1) and d is an integer such that d2 � D ðmod pÞ:
(1.3) Let p43 be a prime, a; b; cAZ; and let fSng be given by S0 ¼ 3; S1 ¼

�2a; S2 ¼ 2a2 þ 8c and Snþ3 ¼ �2aSnþ2 þ ð4c � a2ÞSnþ1 þ b2Sn ðnX0Þ: If p[a2 þ
12c; then Npðx4 þ ax2 þ bx þ cÞ ¼ 1 if and only if Spþ1 � a2 � 4c ðmod pÞ: If

Npðx4 þ ax2 þ bx þ cÞ ¼ 1; then the unique solution of the congruence x4 þ ax2 þ
bx þ c � 0ðmod pÞ is given by x � ða2 � 4c � S2

ðpþ1Þ=2Þ=ð4bÞ ðmod pÞ:
(1.4) Let p43 be a prime, a; b; cAZ and p[ða2 þ 12cÞbðð4a3 þ 27b2Þb2 � 16cða4 þ

9ab2 � 8a2c þ 16c2ÞÞ: Then the congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ has four

solutions if and only if Sðp�1Þ=2 � 3 ðmod pÞ and Spþ1 � 2a2 þ 8c ðmod pÞ; where

fSng is the sequence as in (1.3).
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(1.5) Let p43 be a prime, a; b; cAZ; Dða; b; cÞ ¼ �ð4a3 þ 27b2Þb2 þ 16cða4 þ
9ab2 � 8a2c þ 16c2Þ and p[bDða; b; cÞ: Then

Npðx4 þ ax2 þ bx þ cÞ ¼ 1þ
X

y

y

p

� �
;

where y runs over the solutions of the congruence y3 þ 2ay2 þ ða2 � 4cÞy � b2 �
0 ðmod pÞ:

We remark that (1.1) and (1.2) are better than Cauchy’s result since we do not

need to compute the Legendre symbol ðD
p
Þ: The proofs of (1.1) and (1.2) are based on

[15], and the proofs of (1.3)–(1.5) depend on (1.2). (1.5) is the basic result for quartic
congruences, which improves Skolem’s result (see [7,10]). Although the methods
used are elementary, our results seem simple and useful, and are not easy
consequences of Galois’ theory. For example, using Galois’ theory we do not know
why (1.3) is true.

Throughout this paper we use the following notations:
½x
—the greatest integer not exceeding x; ðx

p
Þ—the Legendre symbol, Npð f ðxÞÞ—

the number of solutions of the congruence f ðxÞ � 0 ðmod pÞ; C0ð pÞ;C1ð p Þ;C2ð p Þ—
the sets defined by Sun [15, Definition 2.1], Dða; b; cÞ ¼ �ð4a3 þ 27b2Þb2 þ 16cða4 þ
9ab2 � 8a2c þ 16c2Þ; o ¼ ð�1þ

ffiffiffiffiffiffiffi
�3

p
Þ=2:

2. Connections between Lucas sequences and cubic congruences

For a; bAZ the Lucas sequences funða; bÞg and fvnða; bÞg are defined by

u0ða; bÞ ¼ 0; u1ða; bÞ ¼ 1 and unþ1ða; bÞ ¼ bunða; bÞ � aun�1ða; bÞðnX1Þ ð2:1Þ

and

v0ða; bÞ ¼ 2; v1ða; bÞ ¼ b and vnþ1ða; bÞ ¼ bvnða; bÞ � avn�1ða; bÞðnX1Þ: ð2:2Þ

It is well known that

unða; bÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p b þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p

2

 !n

� b �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p

2

 !n( )
ðb2 � 4aa0Þ

and

vnða; bÞ ¼ b þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p

2

 !n

þ b �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p

2

 !n

: ð2:3Þ
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When p is an odd prime such that p[a; we have the following congruences (see [8]):

u
p�ðb

2�4a
p

Þ
ða; bÞ � 0 ðmod pÞ and upða; bÞ � b2 � 4a

p

� �
ðmod pÞ: ð2:4Þ

Lemma 2.1. Let a; bAZ; un ¼ unða; bÞ and vn ¼ vnða; bÞ: Then

ðiÞ v3n ¼ v3n � 3anvn:
ðiiÞ If p is an odd prime such that p[aðb2 � 4aÞ and e ¼ ðb2�4a

p
Þ; then

vp�e � 2a
1�e
2 ðmod pÞ and vpþe � a

e�1
2 ðb2 � 2aÞ ðmod pÞ:

Proof. Set t ¼ 1
2ðb þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p
Þ and u ¼ 1

2ðb �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p
Þ: Then we find tu ¼ a and

vm ¼ tm þ um for mX0: Thus,

v3n ¼ t3n þ u3n ¼ ðtn þ unÞ3 � 3ðtuÞnðtn þ unÞ ¼ v3n � 3anvn:

This proves (i).
Now consider (ii). One can easily check that

vn ¼ b

a
unþ2 �

b2 � 2a

a
unþ1 ¼ 2unþ1 � bun ¼ bun � 2aun�1 ¼ ðb2 � 2aÞun�1 � abun�2:

Thus applying (2.4) we see that

vp�e ¼ eð2að1�eÞ=2up � bup�eÞ � 2að1�eÞ=2 ðmod pÞ

and

vpþe ¼ eðaðe�1Þ=2ðb2 � 2aÞup � aebup�eÞ � aðe�1Þ=2ðb2 � 2aÞ ðmod pÞ:

This proves (ii) and hence the proof is complete. &

In [15] we point out the following basic result without proof.

Lemma 2.2. Let p43 be a prime, a; bAZ and p[a: Then Npðx3 � 3ax � abÞ ¼ 1 if and

only if ð�3ðb2�4aÞ
p

Þ ¼ �1: Moreover, if ð�3ðb2�4aÞ
p

Þ ¼ �1; then the unique solution of the

congruence x3 � 3ax � ab � 0 ðmod pÞ is given by

x � a
p�ðp

3
Þ

3 vðpþ2ðp3ÞÞ=3
ða; bÞ � b

a½p=3
vðp�ðp
3
ÞÞ=3ða; bÞ � 1

ðmod pÞ:

ARTICLE IN PRESS
Z.-H. Sun / Journal of Number Theory 102 (2003) 41–89 45



Proof. If p j b; then clearly Npðx3 � 3ax � abÞ ¼ 1 if and only if ð�3ðb2�4aÞ
p

Þ ¼

ð3a
p
Þ ¼ 1: Since vðpþ2ðp

3
ÞÞ=3ða; bÞ � ð

ffiffiffiffiffiffiffi
�a

p
Þðpþ2ðp

3
ÞÞ=3 þ ð�

ffiffiffiffiffiffiffi
�a

p
Þðpþ2ðp

3
ÞÞ=3 ¼ 0 ðmod pÞ and

vðp�ðp
3
ÞÞ=3ða; bÞ � 2ð

ffiffiffiffiffiffiffi
�a

p
Þðp�ðp3ÞÞ=3 ¼ 2ð�aÞðp�ðp3ÞÞ=6 ðmod pÞ by (2.3), we see that the

result is true when p j b:

If p j b2 � 4a; then ð�3ðb2�4aÞ
p

Þ ¼ 0a� 1 and Npðx3 � 3ax � abÞ ¼ 3a1 since x3 �
3ax � ab � ðx � bÞðx þ b=2Þ2 ðmod pÞ: So the result is true when p j b2 � 4a:

Now assume that p[bðb2 � 4aÞ: If the congruence x3 � 3ax � ab � 0 ðmod pÞ has
a solution x � x0 ðmod pÞ; then clearly x0c0;�b=2;�b=3 ðmod pÞ and

x3 � 3ax � ab �ðx � x0Þðx2 þ x0x þ ab=x0Þ

� ðx � x0Þ x þ x0

2


 �2
�3aðx0 � bÞ

4x0

� �
ðmod pÞ:

Observing that

x2
0 � 4ab=x0 ¼ ðx3

0 � 4abÞ=x0 � 3aðx0 � bÞ=x0 ðmod pÞ

and

b2 � 4a � b2 � 4x3
0

3x0 þ b
¼ �ðx0 � bÞð2x0 þ bÞ2

3x0 þ b
� �aðx0 � bÞð2x0 þ bÞ2

x3
0

ðmod pÞ

we obtain

�3ðb2 � 4aÞ
p

� �
¼ 3aðx0 � bÞ

p

� �
x0

p

� �
:

Hence

Npðx3 � 3ax � abÞ ¼ 2þ 4x0 
 3aðx0 � bÞ
p

� �
¼ 2þ �3ðb2 � 4aÞ

p

� �
:

So Npðx3 � 3ax � abÞ ¼ 1 implies that ð�3ðb2�4aÞ
p

Þ ¼ �1:

Now suppose ð�3ðb2�4aÞ
p

Þ ¼ �1: Then ðb2�4a
p

Þ ¼ �ð�3
p
Þ ¼ �ðp

3
Þ: By the above,

Npðx3 � 3ax � abÞ ¼ 1 if and only if Npðx3 � 3ax � abÞ40: Let vn ¼ vnða; bÞ: Using
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Lemma 2.1(i) and Fermat’s little theorem we see that

ðaðp�ðp
3
ÞÞ=3vðpþ2ðp

3
ÞÞ=3Þ

3 � 3a 
 aðp�ðp
3
ÞÞ=3vðpþ2ðp

3
ÞÞ=3

¼ ap�ðp
3
Þðv

pþ2ðp
3
Þ þ 3aðpþ2ðp

3
ÞÞ=3vðpþ2ðp

3
ÞÞ=3Þ � 3a1þðp�ðp

3
ÞÞ=3vðpþ2ðp

3
ÞÞ=3

� a1�ðp
3
Þv

pþ2ðp
3
Þ ¼ a

1þðb
2�4a

p
Þ
v

p�2ðb
2�4a

p
Þ
ðmod pÞ:

Set e ¼ ðb2�4a
p

Þ: It is easily seen that

vp�2e ¼
b2 � a

b
a�ð1þeÞ=2vp�e �

að1�3eÞ=2

b
vpþe:

Thus applying Lemma 2.1(ii) we obtain

vp�2e �
b2 � a

b
a�ð1þeÞ=2 
 2að1�eÞ=2 � að1�3eÞ=2

b

 aðe�1Þ=2ðb2 � 2aÞ ¼ a�eb ðmod pÞ:

So we have

ðaðp�ðp
3
ÞÞ=3vðpþ2ðp

3
ÞÞ=3Þ

3 � 3a 
 aðp�ðp
3
ÞÞ=3vðpþ2ðp

3
ÞÞ=3 � a1þevp�2e � ab ðmod pÞ:

Hence x � aðp�ðp
3
ÞÞ=3vðpþ2ðp

3
ÞÞ=3 ðmod pÞ is a solution of the congruence x3 � 3ax �

ab � 0 ðmod pÞ: This shows that Npðx3 � 3ax � abÞ40 and so Npðx3 � 3ax � abÞ ¼
1:

Let y ¼ a½p
3

þ1vðp�ðp

3
ÞÞ=3: Using Lemma 2.1 we see that

y3 ¼ a3½p
3

þ3ð3a

p�ðp
3
Þ

3 vðp�ðp
3
ÞÞ=3 þ v

p�ðp
3
ÞÞ

� a3½p
3

þ3ð3a

p�ðp
3
Þ

3
�½p

3

�1y þ a�

1þðp3Þ
2 ðb2 � 2aÞÞ � 3a2y þ a2ðb2 � 2aÞ ðmod pÞ:

It then follows that yca ðmod pÞ since p[ab: So we have

b

a½p=3
vðp�ðp
3
ÞÞ=3 � 1

0
@

1
A

3

�3a 
 b

a½p=3
vðp�ðp
3
ÞÞ=3 � 1

� ab

¼ ab

y � a

� �3

�3a 
 ab

y � a
� ab ¼ � ab

ðy � aÞ3
ðy3 � 3a2y � a2ðb2 � 2aÞÞ � 0 ðmod pÞ:

ARTICLE IN PRESS
Z.-H. Sun / Journal of Number Theory 102 (2003) 41–89 47



Since Npðx3 � 3ax � abÞ ¼ 1 we must have

a
p�ðp

3
Þ

3 vðpþ2ðp
3
ÞÞ=3 �

b

a½p=3
vðp�ðp
3
ÞÞ=3 � 1

ðmod pÞ:

This completes the proof. &

Theorem 2.1. Let p43 be a prime, a; bAZ; p[a and ð�3ðb2�4aÞ
p

Þ ¼ �1; and let xða; bÞ
denote the unique solution of the congruence x3 � 3ax � ab � 0 ðmod pÞ: Then

u
p�ðp

3
Þ

3

ða; bÞ � 1

b2 � 4a

�3a

p

� �
a

p�ðp
3
Þ

6
�1ð�bx2ða; bÞ þ 2axða; bÞ þ 2abÞ ðmod pÞ

and

v
p�ðp

3
Þ

3

ða; bÞ � a

p

� �
a

p�ðp
3
Þ

6
�1ðx2ða; bÞ � 2aÞ ðmod pÞ:

Proof. Let un ¼ unða; bÞ and vn ¼ vnða; bÞ: From Lemma 2.2 we know that

xða; bÞ � a
p�ðp3Þ

3 vðpþ2ðp
3
ÞÞ=3 �

b

a½p=3
vðp�ðp3ÞÞ=3
� 1

ðmod pÞ:

Thus,

v
p�ðp

3
Þ

3

� a�½p
3

 1þ b

xða; bÞ

� �
� a�½p

3

�1ðx2ða; bÞ � 2aÞ ðmod pÞ:

It is easy to verify that

ðb2 � 4aÞun ¼ 2vnþ1 � bvn ¼ bvn � 2avn�1:

So we have

ðb2 � 4aÞ p

3


 �
uðp�ðp

3
ÞÞ=3 ¼ �bvðp�ðp

3
ÞÞ=3 þ 2að1�ðp

3
ÞÞ=2vðpþ2ðp

3
ÞÞ=3: ð2:5Þ

From this and the above we obtain

u
p�ðp

3
Þ

3

� 1

b2 � 4a

p

3


 �
ð�a�½p=3
�1bðx2ða; bÞ � 2aÞ þ 2að1�ðp

3
ÞÞ=2�ðp�ðp

3
ÞÞ=3xða; bÞÞ

¼ 1

a½p=3
þ1ðb2 � 4aÞ
p

3


 �
ð�bx2ða; bÞ þ 2axða; bÞ þ 2abÞ ðmod pÞ:
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To complete the proof, we note that

a�½p
3

 ¼ a

p�ðp
3
Þ

6
�p�1

2 � a

p

� �
a

p�ðp
3
Þ

6 ðmod pÞ: & ð2:6Þ

Corollary 2.1. Let p43 be a prime, a; bAZ; p[a and ð�3ðb2�4aÞ
p

Þ ¼ �1: Then

u
p�ðp

3
Þ

3

ða; bÞ �
�ð�2

p
Þaðp�ðp

3
ÞÞ=6�1b ðmod pÞ if p j b2 � 2a;

1
b2�4a

ð�3a
p
Þaðp�ðp

3
ÞÞ=6�1tða; bÞ ðmod pÞ if p[b2 � 2a

8<
:

and

v
p�ðp

3
Þ

3

ða; bÞ �
2ð3

p
Þaðp�ðp

3
ÞÞ=6 ðmod pÞ if p j b;

ða
p
Þaðp�ðp

3
ÞÞ=6�1yða; bÞ ðmod pÞ if p[b;

8<
:

where tða; bÞ ðmod pÞ is the unique solution of the congruence t3 þ 3a2ðb2 � 4aÞt þ
a2bðb2 � 4aÞ2 � 0 ðmod pÞ; and yða; bÞ ðmod pÞ is the unique solution of the congruence

y3 � 3a2y � a2ðb2 � 2aÞ � 0 ðmod pÞ:

Proof. Let xða; bÞ ðmod pÞ denote the unique solution of the congruence x3 � 3ax �
ab � 0 ðmod pÞ; and t ¼ �bx2ða; bÞ þ 2axða; bÞ þ 2ab: Using the fact that x3ða; bÞ �
3axða; bÞ þ ab ðmod pÞ one can easily check that t3 � 3a0t � a0b0 � 0 ðmod pÞ;
where a0 ¼ �a2ðb2 � 4aÞ and b0 ¼ bðb2 � 4aÞ: Since p[a0 and b02 � 4a0 ¼ ðb2 �
2aÞ2ðb2 � 4aÞ; using Lemma 2.2 we see that Npðx3 � 3a0x � a0b0Þ ¼ 1 provided

p[b2 � 2a: Hence, if p[b2 � 2a we have t � tða; bÞ ðmod pÞ: So, by Theorem 2.1
and (2.6),

u
p�ðp

3
Þ

3

ða; bÞ � 1

a½p=3
þ1ðb2 � 4aÞ
p

3


 �
tða; bÞ � 1

b2 � 4a

�3a

p

� �
a

p�ðp3Þ
6

�1tða; bÞ ðmod pÞ:

If p j b2 � 2a; then clearly xða; bÞ � �b ðmod pÞ and ð�3a
p
Þ ¼ �ð�2

p
Þ: Hence, by

Theorem 2.1, (2.6) and the fact that b2 � 4a � �b2 ðmod pÞ we have

u
p�ðp3Þ

3

ða; bÞ � 1

a½p=3
þ1ðb2 � 4aÞ
p

3


 �
ð�b3Þ � � �2

p

� �
a

p�ðp
3
Þ

6
�1b ðmod pÞ:
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If p j b; then clearly xða; bÞ � 0 ðmod pÞ and ð3a
p
Þ ¼ �1: By Theorem 2.1 and (2.6)

we get

v
p�ðp

3
Þ

3

ða; bÞ � a�½p
3

�1 
 ð�2aÞ � 2

3

p

� �
a

p�ðp
3
Þ

6 ðmod pÞ:

If p[b; then Npðx3 � 3a2x � a2ðb2 � 2aÞÞ ¼ 1 by Lemma 2.2. From the proof of

Lemma 2.2 we know that y ¼ a½p=3
þ1vðp�ðp3ÞÞ=3
ða; bÞ satisfies the congruence y3 �

3a2y þ a2ðb2 � 2aÞ ðmod pÞ: Thus y � yða; bÞ ðmod pÞ and hence vðp�ðp
3
ÞÞ=3ða; bÞ �

a�½p=3
�1yða; bÞ � ða
p
Þaðp�ðp

3
ÞÞ=6�1yða; bÞ ðmod pÞ: This completes the proof. &

For given positive integer p let Dp be the set of those rational numbers whose

denominator is prime to p: When 3[p; in [15] the author defined

Cið p Þ ¼ k
k þ 1þ 2o

p

� �
3

¼ oi; kADp

����
��

for i ¼ 0; 1; 2; ð2:7Þ

where ð

p
Þ3 is the cubic Jacobi symbol.

According to [15], if kADp; then kAC0ð p Þ,C1ð p Þ,C2ð p Þ if and only if the

numerator of k2 þ 3 is prime to p; and kAC2ð p Þ if and only if �kAC1ð p Þ: Also,
from Theorem 6.1 of [15] we have

Theorem 2.2. Let p43 be a prime, a; bADp; p[a; ð�3ðb2�4aÞ
p

Þ ¼ 1 and k2 � �3ðb2 �
4aÞ ðmod pÞ: Then

u
p�ðp

3
Þ

3

ða; bÞ �
0 ðmod pÞ if 3b=kAC0ð p Þ;

7 k
b2�4a

ð�3a
p
Þaðp�ðp

3
ÞÞ=6 ðmod pÞ if 73b=kAC1ð p Þ

8<
:

and

v
p�ðp

3
Þ

3

ða; bÞ �
2ða

p
Þaðp�ðp

3
ÞÞ=6 ðmod pÞ if 3b=kAC0ð p Þ;

�ða
p
Þaðp�ðp

3
ÞÞ=6 ðmod pÞ if 3b=keC0ð p Þ:

8<
:

Proof. If p j b; then ð�a
p
Þ ¼ ð�3

p
Þð�3ðb2�4aÞ

p
Þ ¼ ðp

3
Þ: Clearly we have

u
p�ðp3Þ

3

ða; bÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p
(

b þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p

2

 !p�ðp
3
Þ

3

� b �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p

2

 !p�ðp
3
Þ

3
)

� 0 ðmod pÞ
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and

v
p�ðp

3
Þ

3

ða; bÞ ¼ b þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p

2

 !p�ðp
3
Þ

3

þ b �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p

2

 !p�ðp
3
Þ

3

� 2ð
ffiffiffiffiffiffiffi
�a

p
Þðp�ðp

3
ÞÞ=3 ¼ 2ð�aÞðp�ðp

3
ÞÞ=6 ¼ 2

a

p

� �
aðp�ðp

3
ÞÞ=6 ðmod pÞ:

Since 0AC0ð p Þ by Sun [15, Proposition 2.1], we see that 3b=kAC0ð p Þ: So the result
holds when p j b:

If p[b; it follows from [15, Proposition 2.2] that 3b=kACið p Þ if and only if
�k=bACið p Þ: Notice that

3

�k
� k

b2 � 4a
ðmod pÞ; ð�1Þ½

p
3

 ¼ �3

p

� �
and a�½p

3

 � a

p

� �
aðp�ðp

3
ÞÞ=6 ðmod pÞ

by (2.6). Putting s ¼ �k in [15, Theorem 6.1] we obtain the result. &

Lemma 2.3. Let p43 be a prime, a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3; b ¼ �2a3

1 þ 9a1a2 �
27a3 and D ¼ a2

1a
2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3: Then

ðiÞ b2 � 4a ¼ �27D:
ðiiÞ If p[a2

1 � 3a2 and X ¼ ða2
1 � 3a2Þð3x þ a1Þ; then x3 þ a1x2 þ a2x þ a3 ¼ ðX 3 �

3aX � abÞ=ð27aÞ and so Npðx3 þ a1x2 þ a2x þ a3Þ ¼ Npðx3 � 3ax � abÞ:
ðiiiÞ Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 1 if and only if ðD

p
Þ ¼ �1:

Proof. One can easily check that b2 � 4a ¼ �27D: So (i) holds.
Now consider (ii). It is clear that

x3 þ a1x2 þ a2x þ a3 ¼ 1
27
ðð3x þ a1Þ3 � 3ða2

1 � 3a2Þð3x þ a1Þ � bÞ: ð2:8Þ

Thus, if p[a2
1 � 3a2 and X ¼ ða2

1 � 3a2Þð3x þ a1Þ; we have

x3 þ a1x2 þ a2x þ a3 ¼
1

27a
ðX 3 � 3aX � abÞ:

Hence Npðx3 þ a1x2 þ a2x þ a3Þ ¼ Npðx3 � 3ax � abÞ: This proves (ii).
Finally consider (iii). If p[a2

1 � 3a2; using Lemma 2.2 and the above we see that

Npðx3 þ a1x
2 þ a2x þ a3Þ ¼Npðx3 � 3ax � abÞ ¼ 1

3
D

p

� �
¼ �3ðb2 � 4aÞ

p

� �
¼ �1:
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If p j a2
1 � 3a2; it follows from (2.8) that Npðx3 þ a1x2 þ a2x þ a3Þ ¼ Npðx3 � bÞ: But,

Npðx3 � bÞ ¼ 1 3 p[b and p � 2 ðmod 3Þ 3
D

p

� �
¼ �3ðb2 � 4aÞ

p

� �
¼ �1:

So Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 1 if and only if ðD
p
Þ ¼ �1: This proves (iii) and hence

the proof is complete. &

Theorem 2.3. Let p43 be a prime, a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3; b ¼ �2a3

1 þ 9a1a2 �
27a3; p[abðb2 � 4aÞ and x0 ¼ 1

3
ðða2

1 � 3a2Þ�ðp
3
Þ
vðpþ2ðp

3
ÞÞ=3ða; bÞ � a1Þ: Then the con-

gruence x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ has one and only one solution if and only if

x � x0 ðmod pÞ is a solution of the congruence.

Proof. Let X0 ¼ aðp�ðp
3
ÞÞ=3vðpþ2ðp3ÞÞ=3

ða; bÞ: Since aðp�ðp
3
ÞÞ=3 ¼ ða2

1 � 3a2Þp�ðp
3
Þ �

ða2
1 � 3a2Þ1�ðp

3
Þ ðmod pÞ we see that

X0 � ða2
1 � 3a2Þ1�ðp

3
Þ
vðpþ2ðp

3
ÞÞ=3ða; bÞ ¼ ða2

1 � 3a2Þð3x0 þ a1Þ ðmod pÞ:

Applying Lemma 2.3 we get

x3
0 þ a1x2

0 þ a2x0 þ a3 �
1

27a
ðX 3

0 � 3aX0 � abÞ ðmod pÞ:

If ðD
p
Þ ¼ �1; then ð�3ðb2�4aÞ

p
Þ ¼ ðD

p
Þ ¼ �1 since b2 � 4a ¼ �27D: In view of Lemma

2.2 we have X 3
0 � 3aX0 � ab � 0 ðmod pÞ: So x3

0 þ a1x
2
0 þ a2x0 þ a3 � 0 ðmod pÞ by

the above.

If ðD
p
Þ ¼ 1; then ð�3ðb2�4aÞ

p
Þ ¼ ðD

p
Þ ¼ 1: Suppose k2 � �3ðb2 � 4aÞ ðmod pÞ for kAZ:

From (2.5) and Theorem 2.2 we see that

2að1�ðp
3
ÞÞ=2vðpþ2ðp

3
ÞÞ=3ða; bÞ

¼ ðb2 � 4aÞ p

3


 �
uðp�ðp

3
ÞÞ=3ða; bÞ þ bvðp�ðp

3
ÞÞ=3ða; bÞ

�
2ða

p
Þaðp�ðp

3
ÞÞ=6b ðmod pÞ if 3b

k
AC0ð p Þ;

ð7k � bÞða
p
Þaðp�ðp

3
ÞÞ=6 ðmod pÞ if 73b

k
AC1ð p Þ:

8<
:

Observing that a ¼ ða2
1 � 3a2Þ3 and so

a

p

� �
aðp�ðp

3
ÞÞ=6 ¼ a2

1 � 3a2

p

� �
ða2

1 � 3a2Þðp�ðp
3
ÞÞ=2 � ða2

1 � 3a2Þð1�ðp
3
ÞÞ=2 ðmod pÞ
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we then get

v
pþ2ðp

3
Þ

3

ða; bÞ �
ða2

1 � 3a2Þð
p
3
Þ�1

b ðmod pÞ if 3b
k
AC0ð p Þ;

7k�b
2

ða2
1 � 3a2Þð

p
3
Þ�1 ðmod pÞ if 73b

k
AC1ð p Þ:

8<
: ð2:9Þ

Thus

X0 � ða2
1 � 3a2Þ1�ðp

3
Þ
vðpþ2ðp3ÞÞ=3

ða; bÞ � b or ð7k � bÞ=2 ðmod pÞ:

From this one can easily check that X 3
0 � 3aX0 � b3 � 3ab ðmod pÞ and so X 3

0 �
3aX0 � ab � bðb2 � 4aÞc0 ðmod pÞ: Hence x3

0 þ a1x
2
0 þ a2x0 þ a3c0 ðmod pÞ:

By the above, ðD
p
Þ ¼ �1 if and only if x3

0 þ a1x
2
0 þ a2x0 þ a3 � 0 ðmod pÞ: This

together with Lemma 2.3(iii) yields the result. &

3. Congruences for the third-order recurring sequences

Let p43 be a prime, and a1; a2; a3AZ: In this section we will determine
spþ1; spþ2; up�2; up�1; up ðmod pÞ; where fsng and fung are the third-order recurring

sequences defined as below.

Definition 3.1. For a1; a2; a3AZ define the third-order linear recursive sequences
funða1; a2; a3Þg and fsnða1; a2; a3Þg by

u�2 ¼ u�1 ¼ 0; u0 ¼ 1; unþ3 þ a1unþ2 þ a2unþ1 þ a3un ¼ 0 ðnX� 2Þ

and

s0 ¼ 3; s1 ¼ �a1; s2 ¼ a2
1 � 2a2; snþ3 þ a1snþ2 þ a2snþ1 þ a3sn ¼ 0 ðnX0Þ:

Let fsng and fung be given by the above, and let x3 þ a1x
2 þ a2x þ a3 ¼

ðx � x1Þðx � x2Þðx � x3Þ: Then clearly

X3
i¼1

xnþ3
i þ a1

X3
i¼1

xnþ2
i þ a2

X3
i¼1

xnþ1
i þ a3

X3
i¼1

xn
i

¼
X3
i¼1

xn
i ðx3

i þ a1x
2
i þ a2xi þ a3Þ ¼ 0:

Since x0
1 þ x0

2 þ x0
3 ¼ 3; x1 þ x2 þ x3 ¼ �a1 and

x2
1 þ x2

2 þ x2
3 ¼ ðx1 þ x2 þ x3Þ2 � 2ðx1x2 þ x1x3 þ x2x3Þ ¼ a2

1 � 2a2;
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we see that

sn ¼ xn
1 þ xn

2 þ xn
3 ðnX0Þ: ð3:1Þ

From this and [16] we have

Xn

k¼1

skun�k ¼ nun and sn ¼ �ða1un�1 þ 2a2un�2 þ 3a3un�3Þ: ð3:2Þ

Lemma 3.1. Let p43 be a prime, a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3; b ¼ �2a3

1 þ 9a1a2 �
27a3; and let sn ¼ snða1; a2; a3Þ: Then

spþ1 �
a2
1

3
þ 1

3
ða2

1 � 3a2Þ
1þðp

3
Þ

2 v
p�ðp

3
Þ

3

ða; bÞ ðmod pÞ

and

spþ2 � 1
9

6a1a2 � 3a3
1 þ ða2

1 � 3a2Þ1�ðp
3
Þ
v

pþ2ðp
3
Þ

3

ða; bÞ

8<
:
� 2a1ða2

1 � 3a2Þ
1þðp

3
Þ

2 v
p�ðp

3
Þ

3

ða; bÞ

9=
; ðmod pÞ:

Proof. Let x1; x2 and x3 be the three roots of the equation x3 þ a1x
2 þ a2x þ a3 ¼

0: Then sn ¼ xn
1 þ xn

2 þ xn
3 ðnX0Þ by (3.1). For i ¼ 1; 2; 3 set yi ¼ 3xi þ a1: Then

y1; y2 and y3 are the roots of the equation y3 � 3ða2
1 � 3a2Þy � b ¼ 0 by (2.8), and

sn ¼ xn
1 þ xn

2 þ xn
3 ¼

1

3n
fðy1 � a1Þn þ ðy2 � a1Þn þ ðy3 � a1Þng:

Since y1; y2 and y3 are algebraic integers we see that

ðyi � a1Þp � y
p
i � a

p
1 � y

p
i � a1 ðmod pÞ for i ¼ 1; 2; 3:

Hence, for i ¼ 1; 2; 3 we have

ðyi � a1Þpþ1 � ðyi � a1Þðyp
i � a1Þ ¼ y

pþ1
i � a1y

p
i � a1yi þ a2

1 ðmod pÞ

and

ðyi � a1Þpþ2 �ðy2
i � 2a1yi þ a2

1Þðy
p
i � a1Þ

¼ y
pþ2
i � 2a1y

pþ1
i þ a2

1y
p
i � a1y

2
i þ 2a2

1yi � a3
1 ðmod pÞ:
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Observing that

y1 þ y2 þ y3 ¼ 0; y
p
1 þ y

p
2 þ y

p
3 � ðy1 þ y2 þ y3Þp ¼ 0 ðmod pÞ

and

y2
1 þ y2

2 þ y2
3 ¼ðy1 þ y2 þ y3Þ2 � 2ðy1y2 þ y1y3 þ y2y3Þ

¼ 0� 2 
 ð�3ða2
1 � 3a2ÞÞ ¼ 6ða2

1 � 3a2Þ;

by the above we get

spþ1 ¼
1

3pþ1

X3
i¼1

ðyi � a1Þpþ1

� 1

9

X3
i¼1

y
pþ1
i � a1

X3
i¼1

y
p
i � a1

X3
i¼1

yi þ 3a2
1

 !

� 1

9
ðypþ1

1 þ y
pþ1
2 þ y

pþ1
3 þ 3a2

1Þ ðmod pÞ

and so

spþ2 ¼
1

3pþ2

X3
i¼1

ðyi � a1Þpþ2

� 1

27

X3
i¼1

ðypþ2
i � 2a1y

pþ1
i þ a2

1y
p
i � a1y2

i þ 2a2
1yi � a3

1Þ

� 1

27
ðypþ2

1 þ y
pþ2
2 þ y

pþ2
3 � 2a1ð9spþ1 � 3a2

1Þ � 6a1ða2
1 � 3a2Þ � 3a3

1Þ

¼ 1

27
ðypþ2

1 þ y
pþ2
2 þ y

pþ2
3 � 18a1spþ1 þ 18a1a2 � 3a3

1Þ ðmod pÞ:

Let t ¼ ðb þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p
Þ=2 and u ¼ ðb �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4a

p
Þ=2: Then t þ u ¼ b and tu ¼ a ¼

� 1
27 ð�3ða2

1 � 3a2ÞÞ3: From the theory of cubic equations we know that
ffiffi
t3

p
ok þffiffiffi

u3
p

o2k ðk ¼ 0; 1; 2Þ are the three roots of the equation y3 � 3ða2
1 � 3a2Þy � b ¼ 0: So,

by the above,

spþ1 �
1

9
ðypþ1

1 þ y
pþ1
2 þ y

pþ1
3 þ 3a2

1Þ ¼
a2
1

3
þ 1

9

X2
k¼0

ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞpþ1 ðmod pÞ
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and

spþ2 �
1

27

X2
k¼0

ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞpþ2 � 18a1spþ1 þ 18a1a2 � 3a3

1

 !
ðmod pÞ:

Since
ffiffi
t3

p
;
ffiffi
t3

p
o;

ffiffi
t3

p
o2;

ffiffiffi
u3

p
;
ffiffiffi
u3

p
o;

ffiffiffi
u3

p
o2 are the roots of the equation x6 � bx3 þ a ¼ 0;

we see that they are all algebraic integers. Hence,

ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞpþ1

� ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞðð

ffiffi
t3

p
okÞp þ ð

ffiffiffi
u3

p
o2kÞpÞ

¼ ð
ffiffi
t3

p
Þpþ1okð pþ1Þ þ ð

ffiffiffi
u3

p
Þpþ1o2kð pþ1Þ

þ
ffiffiffiffiffi
tu3

p
ðð

ffiffi
t3

p
Þp�1okð p�1Þ þ ð

ffiffiffi
u3

p
Þp�1o2kð p�1ÞÞ ðmod pÞ

and

ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞpþ2

� ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞ2ðð

ffiffi
t3

p
okÞp þ ð

ffiffiffi
u3

p
o2kÞpÞ

¼ ð
ffiffi
t3

p
Þpþ2okð pþ2Þ þ 2

ffiffiffiffiffi
tu3

p
ð
ffiffi
t3

p
Þpokp þ ð

ffiffi
t3

p
Þpð

ffiffiffi
u3

p
Þ2okð pþ1Þ

þ ð
ffiffi
t3

p
Þ2ð

ffiffiffi
u3

p
Þpo2kð pþ1Þ þ 2

ffiffiffiffiffi
tu3

p
ð
ffiffiffi
u3

p
Þpo2kp þ ð

ffiffiffi
u3

p
Þpþ2o2kð pþ2Þ ðmod pÞ:

Observing that
ffiffiffiffiffi
tu3

p
¼

ffiffiffi
a3

p
¼ a2

1 � 3a2; tn þ un ¼ vnða; bÞ and 1þ oþ o2 ¼ 0; by the

above we obtain

X2
k¼0

ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞpþ1

� ðð
ffiffi
t3

p
Þpþ1 þ ð

ffiffiffi
u3

p
Þpþ1Þð1þ opþ1 þ o2ð pþ1ÞÞ

þ ða2
1 � 3a2Þðð

ffiffi
t3

p
Þp�1 þ ð

ffiffiffi
u3

p
Þp�1Þð1þ op�1 þ o2ð p�1ÞÞ

¼ 3ða2
1 � 3a2Þð1þðp

3
ÞÞ=2ðð

ffiffi
t3

p
Þp�ðp

3
Þ þ ð

ffiffiffi
u3

p
Þp�ðp

3
ÞÞ

¼ 3ða2
1 � 3a2Þð1þðp

3
ÞÞ=2

v
p�ðp3Þ

3

ða; bÞ ðmod pÞ
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and

X2
k¼0

ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞpþ2

�
X2
k¼0

fð
ffiffi
t3

p
Þpþ2okð pþ2Þ þ ð

ffiffiffi
u3

p
Þpþ2o2kð pþ2Þ

þ ð
ffiffiffiffiffi
tu3

p
Þ2ðð

ffiffiffi
u3

p
Þp�2okð2pþ2Þ þ ð

ffiffi
t3

p
Þp�2okð pþ1ÞÞg

¼ 3ða2
1 � 3a2Þ1�ðp

3
Þðð

ffiffi
t3

p
Þpþ2ðp

3
Þ þ ð

ffiffiffi
u3

p
Þpþ2ðp

3
ÞÞ

¼ 3ða2
1 � 3a2Þ1�ðp

3
Þ
v

pþ2ðp
3
Þ

3

ða; bÞ ðmod pÞ:

Therefore

spþ1 �
a2
1

3
þ 1

9

X2
k¼0

ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞpþ1

� a2
1

3
þ 1

3
ða2

1 � 3a2Þ
1þðp

3
Þ

2 v
p�ðp

3
Þ

3

ða; bÞ ðmod pÞ

and so

spþ2 �
1

27

X2
k¼0

ð
ffiffi
t3

p
ok þ

ffiffiffi
u3

p
o2kÞpþ2 � 18a1spþ1 þ 18a1a2 � 3a3

1

 !

� 1

9
ða2

1 � 3a2Þ1�ðp
3
Þ
v

pþ2ðp
3
Þ

3

ða; bÞ � 2a1ða2
1 � 3a2Þ

1þðp
3
Þ

2 v
p�ðp

3
Þ

3

ða; bÞ

8<
:
þ 6a1a2 � 3a3

1

9=
; ðmod pÞ:

This completes the proof. &

Now we can prove

Theorem 3.1. Let p43 be a prime, a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3; b ¼ �2a3

1þ
9a1a2 � 27a3; D ¼ � 1

27
ðb2 � 4aÞ ¼ a2

1a2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3; and sn ¼
snða1; a2; a3Þ: Then

(i) sp � �a1 ðmod pÞ:
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(ii) If ðD
p
Þ ¼ �1 and so x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ for some integer x; then

spþ1 � 3x2 þ 2a1x þ 2a2 ðmod pÞ and spþ2 � �2a1x2 � ða2
1 þ a2Þx � a1a2 ðmod pÞ:

(iii) If ðD
p
Þ ¼ 0 or 1 and so d2 � D ðmod pÞ for some dAZ; then

spþ1 �
a2
1 � 2a2 ðmod pÞ if p j D or b

3d
AC0ð pÞ;

a2 ðmod pÞ if p[D and b
3d
eC0ð pÞ

(

and

spþ2 �

�a3
1 þ 3a1a2 � 3a3 ðmod pÞ if p j D or b

3d
AC0ð pÞ;

1
2
ð7d � a1a2 þ 3a3Þ ðmod pÞ if p[aD and 7 b

3d
AC1ð pÞ;

1
9
ð�a3

1 þ b
pþ2
3 Þ ðmod pÞ if p j a and p[D:

8>><
>>:

Proof. Suppose x3 þ a1x
2 þ a2x þ a3 ¼ ðx � x1Þðx � x2Þðx � x3Þ: From (3.1) we

know that sn ¼ xn
1 þ xn

2 þ xn
3 for nX0: Since x1; x2; x3 are all algebraic integers and

x1 þ x2 þ x3 ¼ �a1 we see that

sp ¼ x
p
1 þ x

p
2 þ x

p
3 � ðx1 þ x2 þ x3Þp ¼ ð�a1Þp � �a1 ðmod pÞ:

This proves (i).

Now consider (ii). Suppose ðD
p
Þ ¼ �1: Then Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 1 by

Lemma 2.3. Let x be an integer such that x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ: We

claim that ða2
1 � 3a2Þð1þðp

3
ÞÞ=2

vð p�ðp3ÞÞ=3
ða; bÞ � 9x2 þ 6a1x � a2

1 þ 6a2 ðmod pÞ: If p[a

and X ¼ ða2
1 � 3a2Þð3x þ a1Þ; then X 3 � 3aX � ab � 0 ðmod pÞ by Lemma 2.3.

Using Theorem 2.1 we see that

ða2
1 � 3a2Þ

1þðp
3
Þ

2 vð p�ðp
3
ÞÞ=3ða; bÞ

� ða2
1 � 3a2Þ

1þðp
3
Þ

2 
 a

p

� �
a

p�ðp
3
Þ

6
�1ðX 2 � 2aÞ

� ða2
1 � 3a2Þ

1þðp
3
Þ

2 ða2
1 � 3a2Þ

�5�ðp
3
Þ

2 ðða2
1 � 3a2Þ2ð3x þ a1Þ2 � 2ða2

1 � 3a2Þ3Þ

� ð3x þ a1Þ2 � 2ða2
1 � 3a2Þ ¼ 9x2 þ 6a1x � a2

1 þ 6a2 ðmod pÞ:

If p j a; then vnða; bÞ � bn ðmod pÞ by (2.3). Since ðp
3
Þ ¼ ð�3

p
Þ ¼ �ð�27D

p
Þ ¼ �ðb2�4a

p
Þ ¼

�ðb2

p
Þ ¼ �1 we find p � 2 ðmod 3Þ: Using (2.8) we see that ð3x þ a1Þ3 � b ðmod pÞ
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and hence x � ðb
2p�1
3 � a1Þ=3 ðmod pÞ: From this we get

9x2 þ 6a1x � a2
1 þ 6a2

� 9x2 þ 6a1x þ 3a2

� ðb
2p�1
3 � a1Þ2 þ 2a1ðb

2p�1
3 � a1Þ þ 3a2

� b
4p�2
3 � b

pþ1
3 � vð pþ1Þ=3ða; bÞ ðmod pÞ:

So the claim is also true when p j a:
Now, by the claim and Lemma 3.1 we have

spþ1 � 1
3ða

2
1 þ ða2

1 � 3a2Þ
1þðp

3
Þ

2 vð p�ðp
3
ÞÞ=3ða; bÞÞ

� 1
3
ða2

1 þ 9x2 þ 6a1x � a2
1 þ 6a2Þ ¼ 3x2 þ 2a1x þ 2a2 ðmod pÞ:

On the other hand, if p[a; it follows from Lemma 2.2 that

ða2
1 � 3a2Þ1�ðp

3
Þ
v

pþ2ðp
3
Þ

3

ða; bÞ

� ða2
1 � 3a2Þ1�ðp

3
Þ 
 a�ð p�ðp

3
ÞÞ=3X

¼ ða2
1 � 3a2Þ1�ðp

3
Þ�ð p�ðp

3
ÞÞ 
 ða2

1 � 3a2Þð3x þ a1Þ

� ða2
1 � 3a2Þð3x þ a1Þ ðmod pÞ:

This is also true when p j a since p � 2 ðmod 3Þ: So, by Lemma 3.1 and the above we
get

spþ2 � 1
9
fða2

1 � 3a2Þ1�ðp
3
Þ
v

pþ2ðp
3
Þ

3

ða; bÞ

� 2a1ða2
1 � 3a2Þ

1þðp
3
Þ

2 v
p�ðp

3
Þ

3

ða; bÞ þ 6a1a2 � 3a3
1g

� 1
9
fða2

1 � 3a2Þð3x þ a1Þ � 2a1ð9x2 þ 6a1x � a2
1 þ 6a2Þ þ 6a1a2 � 3a3

1g

¼ � ð2a1x
2 þ ða2

1 þ a2Þx þ a1a2Þ ðmod pÞ:

This proves (ii).
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Let us consider (iii). Suppose d2 � D ðmod pÞ for dAZ: If p j D; then b2 �
4a ðmod pÞ and so ða

p
Þ ¼ 0 or 1 since b2 � 4a ¼ �27D: Using (2.3) we see that

vnða; bÞ � 2
b

2

� �n

¼
ðb2

4
Þðn�1Þ=2

b � aðn�1Þ=2b ðmod pÞ if 2[n;

2ðb2

4
Þn=2 � 2an=2 ðmod pÞ if 2 j n:

(

Thus, by Lemma 3.1 we have

spþ1 �
1

3
a2
1 þ ða2

1 � 3a2Þ
1þðp

3
Þ

2 
 2a
p�ðp

3
Þ

6

 !

¼ 1

3
ða2

1 þ 2ða2
1 � 3a2Þ

pþ1
2 Þ

� 1

3
a2
1 þ 2ða2

1 � 3a2Þ
a

p

� �� �
� a2

1 � 2a2 ðmod pÞ

and

spþ2 �
1

9
fða2

1 � 3a2Þ1�ðp
3
Þ
a

pþ2ðp
3
Þ�3

6 b

� 2a1ða2
1 � 3a2Þ

1þðp
3
Þ

2 
 2a
p�ðp

3
Þ

6 g þ 2a1a2 � a3
1

3

¼ 1

9
ðb � 4a1ða2

1 � 3a2ÞÞða2
1 � 3a2Þ

p�1
2 þ 1

3
ð2a1a2 � a3

1Þ

� 1

3
ð�2a3

1 þ 7a1a2 � 9a3Þ
a

p

� �
þ 2a1a2 � a3

1

� �
� � a3

1 þ 3a1a2 � 3a3 ðmod pÞ:

ðnoting that p j b when p j aÞ:

If p j a and p[D; then ðp
3
Þ ¼ ð�3

p
Þ ¼ ð�27D

p
Þ ¼ ðb2�4a

p
Þ ¼ ðb2

p
Þ ¼ 1 and so p �

1 ðmod 3Þ: Since vnða; bÞ � bn ðmod pÞ by (2.3), it follows from Lemma 3.1 that

spþ1 �
1

3
fa2

1 þ ða2
1 � 3a2Þvp�1

3

ða; bÞg � a2
1

3
� a2 ðmod pÞ

and

spþ2 � 1
9
fvpþ2

3

ða; bÞ þ 6a1a2 � 3a3
1g � 1

9
ðb

pþ2
3 � a3

1Þ ðmod pÞ:
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If p[aD; then ð b
3d
Þ2 þ 3 � b2þ27D

9D
¼ 4a

9D
c0 ðmod pÞ: Thus, b=ð3dÞAC0ð pÞ,

C1ð pÞ,C2ð pÞ: Since ð9dÞ2 � 81D � �3ðb2 � 4aÞ ðmod pÞ we see that ð�3ðb2�4aÞ
p

Þ ¼ 1:

Noting that ða2
1 � 3a2Þð1þðp

3
ÞÞ=2ða

p
Þa

p�ðp3Þ
6 ¼ ða2

1
�3a2
p

Þða2
1 � 3a2Þ

pþ1
2 � a2

1 � 3a2 ðmod pÞ
and then applying Theorem 2.2 we get

ða2
1 � 3a2Þ

1þðp
3
Þ

2 v
p�ðp

3
Þ

3

ða; bÞ �
2ða2

1 � 3a2Þ ðmod pÞ if b
3d
AC0ð pÞ;

�ða2
1 � 3a2Þ ðmod pÞ if b

3d
eC0ð pÞ:

(

So, by Lemma 3.1 we have

spþ1 �
1
3
fa2

1 þ 2ða2
1 � 3a2Þg ¼ a2

1 � 2a2 ðmod pÞ if b
3d
AC0ð pÞ;

1
3
fa2

1 � ða2
1 � 3a2Þg ¼ a2 ðmod pÞ if b

3d
eC0ð pÞ:

(

On the other hand, putting k ¼ 9d in (2.9) we find

v
pþ2ðp

3
Þ

3

ða; bÞ �
ða2

1 � 3a2Þð
p
3Þ�1

b ðmod pÞ if b
3d
AC0ð pÞ;

79d�b
2

ða2
1 � 3a2Þð

p
3
Þ�1ðmod pÞ if 7 b

3d
AC1ð pÞ:

8<
:

Thus, by the above and Lemma 3.1 we obtain

spþ2 �
1

9
fða2

1 � 3a2Þ1�ðp
3
Þ
v

pþ2ðp
3
Þ

3

ða; bÞ

� 2a1ða2
1 � 3a2Þ

1þðp
3
Þ

2 v
p�ðp3Þ

3

ða; bÞ þ 6a1a2 � 3a3
1g

�
1
9
fb � 2a1 
 2ða2

1 � 3a2Þ þ 6a1a2 � 3a3
1g ðmod pÞ if b

3d
AC0ð pÞ;

1
9
f79d�b

2
þ 2a1ða2

1 � 3a2Þ þ 6a1a2 � 3a3
1g ðmod pÞ if 7 b

3d
AC1ð pÞ

(

�
�a3

1 þ 3a1a2 � 3a3 ðmod pÞ if b
3d
AC0ð pÞ;

7d�a1a2þ3a3
2

ðmod pÞ if 7 b
3d
AC1ð pÞ:

(

This completes the proof. &

Lemma 3.2. For a1; a2; a3AZ let D ¼ a2
1a

2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3; un ¼
unða1; a2; a3Þ and sn ¼ snða1; a2; a3Þ:

(i) For nX� 2 we have

Dun ¼ ð2a2
1 � 6a2Þsnþ4 þ ð2a3

1 � 7a1a2 þ 9a3Þsnþ3 þ ða2
1a2 � 4a2

2 þ 3a1a3Þsnþ2:

(ii) For nX� 1 we have

Dun ¼ ð9a3 � a1a2Þsnþ3 þ ð�a2
1a2 þ 2a2

2 þ 3a1a3Þsnþ2 þ ð�2a2
1a3 þ 6a2a3Þsnþ1:
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(iii) For nX0 we have

Dun ¼ ð2a2
2 � 6a1a3Þsnþ2 þ ða1a

2
2 � 2a2

1a3 � 3a2a3Þsnþ1 þ ða1a2a3 � 9a2
3Þsn:

Proof. For nX� 2 let Un ¼ Dun and

U 0
n ¼ ð2a2

1 � 6a2Þsnþ4 þ ð2a3
1 � 7a1a2 þ 9a3Þsnþ3 þ ða2

1a2 � 4a2
2 þ 3a1a3Þsnþ2:

Then clearly

Unþ3 þ a1Unþ2 þ a2Unþ1 þ a3Un ¼ 0 and

U 0
nþ3 þ a1U

0
nþ2 þ a2U

0
nþ1 þ a3U

0
n ¼ 0:

Since

u�2 ¼ u�1 ¼ 0; u0 ¼ 1; s0 ¼ 3; s1 ¼ �a1; s2 ¼ a2
1 � 2a2;

s3 ¼ �a3
1 þ 3a1a2 � 3a3 and s4 ¼ a4

1 � 4a2
1a2 þ 2a2

2 þ 4a1a3;

one can easily verify the following facts:

U 0
�2 ¼ 0 ¼ U�2; U 0

�1 ¼ 0 ¼ U�1; U 0
0 ¼ D ¼ U0:

So Un ¼ U 0
n for nX� 2: This proves (i).

Now consider (ii). Since snþ4 ¼ �ða1snþ3 þ a2snþ2 þ a3snþ1Þ; replacing snþ4 by
�ða1snþ3 þ a2snþ2 þ a3snþ1Þ in (i) we get (ii).

Part (iii) follows from (ii) and the fact that snþ3 ¼ �ða1snþ2 þ a2snþ1 þ a3snÞ: &

Theorem 3.2. Let p43 be a prime, a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3; b ¼ �2a3

1 þ 9a1a2 �
27a3 and D ¼ a2

1a
2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3c0 ðmod pÞ: Then

(i) up�2ða1; a2; a3Þ � 3ð3a2 � a2
1Þ

ð1þðp
3
ÞÞ=2

uðp�ðp
3
ÞÞ=3ða; bÞ ðmod pÞ:

(ii) If ðD
p
Þ ¼ �1; then

up�2ða1; a2; a3Þ �
�3b=ða2

1 � 3a2Þ2 ðmod pÞ if p j b2 � 2a;

x ðmod pÞ if p[b2 � 2a;

(

where x ðmod pÞ is the unique solution of the congruence Dx3 � ða2
1 � 3a2Þ2x þ b �

0 ðmod pÞ:
(iii) If ðD

p
Þ ¼ 1 and so d2 � D ðmod pÞ for some integer d; then

up�2ða1; a2; a3Þ �
0 ðmod pÞ if p j a or b

3d
AC0ð pÞ;

7
a2
1
�3a2
d

ðmod pÞ if 7 b
3d
AC1ð pÞ:

(
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Proof. Let sn ¼ snða1; a2; a3Þ and vn ¼ vnða; bÞ: It follows from Lemma 3.2 that

up�2ða1; a2; a3Þ

¼ 1

D
f2ða2

1 � 3a2Þspþ2 þ ð2a3
1 � 7a1a2 þ 9a3Þspþ1 þ ða2

1a2 � 4a2
2 þ 3a1a3Þspg: ð3:3Þ

Since b2 � 4a ¼ �27D and sp � �a1 ðmod pÞ by Theorem 3.1, using (3.3), Lemma

3.1 and (2.5) we obtain

up�2ða1; a2; a3Þ �
1

9D
2ða2

1 � 3a2Þ2�ðp
3
Þ
v

pþ2ðp
3
Þ

3

� ða2
1 � 3a2Þ

1þðp
3
Þ

2 bv
p�ðp

3
Þ

3

8<
:

9=
;

¼ 1

9D
ða2

1 � 3a2Þ
1þðp

3
Þ

2 ðb2 � 4aÞ p

3


 �
u

p�ðp
3
Þ

3

ða; bÞ

¼ 3ð3a2 � a2
1Þ

1þðp3Þ
2 u

p�ðp
3
Þ

3

ða; bÞ ðmod pÞ:

This proves (i).

Now consider (ii). Suppose ðD
p
Þ ¼ �1: Since a ¼ ða2

1 � 3a2Þ3 it is easy to see that

ð3a2 � a2
1Þ

1þðp3Þ
2 
 �3a

p

� �
a

p�ðp
3
Þ

6 � �ða2
1 � 3a2Þ ðmod pÞ: ð3:4Þ

If p j b2 � 2a; then p[ab since b2 � 4a ¼ �27Dc0 ðmod pÞ: From (i), Corollary 2.1
and (3.4) we see that

up�2ða1; a2; a3Þ � 3ð3a2 � a2
1Þ

ð1þðp
3
ÞÞ=2 
 �3a

p

� �
a

p�ðp
3
Þ

6
�1b

� � 3b

ða2
1 � 3a2Þ2

ðmod pÞ:

If p[aðb2 � 2aÞ; by (i), Corollary 2.1 and (3.4) we have

up�2ða1; a2; a3Þ

� 3ð3a2 � a2
1Þ

ð1þðp
3
ÞÞ=2 
 �3a

p

� �
a

p�ðp
3
Þ

6
�1ðb2 � 4aÞ�1

tða; bÞ

� � 3tða; bÞ
ða2

1 � 3a2Þ2ðb2 � 4aÞ
¼ tða; bÞ

9Dða2
1 � 3a2Þ2

ðmod pÞ;
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where tða; bÞ ðmod pÞ is the unique solution of the congruence t3 þ 3a2ðb2 � 4aÞt þ
a2bðb2 � 4aÞ2 � 0 ðmod pÞ: Let t ¼ 9Dða2

1 � 3a2Þ2x: Using the fact that b2 � 4a ¼
�27D we find t3 þ 3a2ðb2 � 4aÞt þ a2bðb2 � 4aÞ2 ¼ ð27aDÞ2ðDx3 � ða2

1 � 3a2Þ2x þ
bÞ: So z � tða; bÞ=ð9Dða2

1 � 3a2Þ2Þ � up�2ða1; a2; a3Þ ðmod pÞ is the unique solution of

the congruence Dx3 � ða2
1 � 3a2Þ2x þ b � 0 ðmod pÞ:

If p j a; then p[b and ðp
3
Þ ¼ ð�3

p
Þ ¼ �ð�27D

p
Þ ¼ �ðb2�4a

p
Þ ¼ �ðb2

p
Þ ¼ �1: So p �

2 ðmod 3Þ and hence NpðDx3 � ða2
1 � 3a2Þ2x þ bÞ ¼ NpðDx3 þ bÞ ¼ 1: From (i) and

the fact that b2 � 4a � b2 ðmod pÞ we see that

up�2ða1; a2; a3Þ � 3upþ1
3

ða; bÞ � 3
b

b þ b

2

� �pþ1
3
� b � b

2

� �pþ1
3

8<
:

9=
;

¼ 3b
p�2
3 ðmod pÞ:

This together with the fact that 27D ¼ 4a � b2 � �b2 ðmod pÞ yields

Dðup�2ða1; a2; a3ÞÞ3 þ b � Dð3b
p�2
3 Þ3 þ b � b � bp � 0 ðmod pÞ:

So x � up�2ða1; a2; a3Þ ðmod pÞ is also the unique solution of the congruence

Dx3 � ða2
1 � 3a2Þ2x þ b � 0 ðmod pÞ when p j a:

By the above, (ii) is true. Now consider (iii). Suppose ðD
p
Þ ¼ 1 and d2 � D ðmod pÞ:

Since b2 � 4a ¼ �27D we have ð9dÞ2 � 81D ¼ �3ðb2 � 4aÞ ðmod pÞ: If p j a; then

ðp
3Þ ¼ ð�3

p
Þ ¼ ð�27D

p
Þ ¼ ðb2�4a

p
Þ ¼ ðb2

p
Þ ¼ 1 and so p � 1 ðmod 3Þ: Thus up�2ða1; a2; a3Þ �

0 ðmod pÞ by (i). If p[a; using (i), (3.4) and taking k ¼ 9d in Theorem 2.2 we get

up�2ða1; a2; a3Þ

� 3ð3a2 � a2
1Þ

ð1þðp
3
ÞÞ=2

uð p�ðp
3
ÞÞ=3ða; bÞ

�
0 ðmod pÞ if b

3d
AC0ð pÞ;

3ð3a2 � a2
1Þ

1þðp
3
Þ

2 
 79d
�27D

ð�3a
p
Þa

p�ðp
3
Þ

6 � 7
a2
1
�3a2
d

ðmod pÞ if 7 b
3d
AC1ð pÞ:

8><
>:

This proves (iii) and hence the proof is complete.
Using Lemma 3.2 and Theorem 3.1 one can easily prove

Theorem 3.3. Let p43 be a prime, a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3; b ¼ �2a3

1 þ 9a1a2 �
27a3 and D ¼ a2

1a
2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3c0 ðmod pÞ:
(i) If ðD

p
Þ ¼ �1; then

up�1ða1; a2; a3Þ �
1

D
fð�a2

1a2 þ 6a2
2 � 9a1a3Þx2 � ða3

1a2 � 5a1a
2
2 þ 3a2

1a3 þ 9a2a3Þx

� a2
1a

2
2 þ 4a3

2 þ 2a3
1a3 � 9a1a2a3g ðmod pÞ
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and

upða1; a2; a3Þ �
1

D
fð�a1a2

2 þ 6a2
1a3 � 9a2a3Þx2 þ ð�2a3

2 þ 2a3
1a3Þx

þ a2
1a2a3 þ 9a1a

2
3 � 6a2

2a3g ðmod pÞ;

where x ðmod pÞ is the unique solution of the congruence x3 þ a1x
2 þ a2x þ a3 �

0 ðmod pÞ:
(ii) If ðD

p
Þ ¼ 1 and so d2 � D ðmod pÞ for some integer d; then

up�1ða1; a2; a3Þ �
b

p�1
3 ðmod pÞ if p j a;

1 ðmod pÞ if b
3d
AC0ð pÞ;

�d7ð9a3�a1a2Þ
2d

ðmod pÞ if 7 b
3d
AC1ð pÞ

8>><
>>:

and

upða1; a2; a3Þ �
�a1

3 ð1þ 2b
p�1
3 Þ ðmod pÞ if p j a;

�a1 ðmod pÞ if b
3d
AC0ð pÞ;

7
a2
2
�3a1a3

d
ðmod pÞ if 7 b

3d
AC1ð pÞ:

8>>><
>>>:

From Theorems 3.1–3.3 we have the following result.

Theorem 3.4. For given integer k let p43 be a prime such that p[k2 þ 3: Then

ðaÞ up�2ð�3k;�9; 3kÞ �
0 ðmod pÞ if kAC0ð pÞ;
p71
2

ðmod pÞ if 7kAC1ð pÞ;

(

ðbÞ up�1ð�3k;�9; 3kÞ �
1 ðmod pÞ if kAC0ð pÞ;
p�1
2
ðmod pÞ if 7kAC1ð pÞ;

(

ðcÞ upð�3k;�9; 3kÞ �
3k ðmod pÞ if kAC0ð pÞ;
p73
2

ðmod pÞ if 7kAC1ð pÞ;

(

ðdÞ spþ1ð�3k;�9; 3kÞ �
9k2 þ 18 ðmod pÞ if kAC0ð pÞ;
�9 ðmod pÞ if 7kAC1ð pÞ;

(

ðeÞ spþ2ð�3k;�9; 3kÞ �
27k3 þ 72k ðmod pÞ if kAC0ð pÞ;
79ðk2 þ 3Þ � 9k ðmod pÞ if 7kAC1ð pÞ:

(
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Proof. Let a1 ¼ �3k; a2 ¼ �9 and a3 ¼ 3k: Then

a2
1 � 3a2 ¼ 9ðk2 þ 3Þ; �2a3

1 þ 9a1a2 � 27a3 ¼ 54kðk2 þ 3Þ;

a2
1a2

2 � 4a3
2 � 4a3

1a3 � 27a2
3 þ 18a1a2a3 ¼ ð18ðk2 þ 3ÞÞ2:

So the result follows immediately from Theorems 3.1–3.3. &

Corollary 3.1. Let p be a prime greater than 3. Then

ðaÞ up�2ð�3;�9; 3Þ �
0 ðmod pÞ if p � 71 ðmod 9Þ;
pþ1
2
ðmod pÞ if p � 74 ðmod 9Þ;

p�1
2
ðmod pÞ if p � 72 ðmod 9Þ;

8>><
>>:

ðbÞ up�1ð�3;�9; 3Þ �
1 ðmod pÞ if p � 71 ðmod 9Þ;
p�1
2
ðmod pÞ if p � 72;74 ðmod 9Þ;

(

ðcÞ upð�3;�9; 3Þ �
3 ðmod pÞ if p � 71 ðmod 9Þ;
pþ3
2
ðmod pÞ if p � 74 ðmod 9Þ;

p�3
2
ðmod pÞ if p � 72 ðmod 9Þ;

8>><
>>:

ðdÞ spþ1ð�3;�9; 3Þ �
27 ðmod pÞ if p � 71 ðmod 9Þ;
�9 ðmod pÞ if p � 72;74 ðmod 9Þ:

(

Proof. Let ðapÞ3 be the cubic Jacobi symbol. It is well known that [15, (1.1)] ðo
p
Þ3 ¼

oð1�ðp
3
ÞpÞ=3: So

1þ 1þ 2o
p

� �
3

¼ �2o2

p

� �
3

¼ o
p

� �2

3

¼ o
2ð1�ðp

3
ÞpÞ

3 ¼
1 if p � 71 ðmod 9Þ;
o if p � 74 ðmod 9Þ;
o2 if p � 72 ðmod 9Þ:

8><
>:

Therefore,

1AC0ð pÞ 3 p � 71 ðmod 9Þ; 1AC1ð pÞ 3 p � 74 ðmod 9Þ

and

�1AC1ð pÞ 3 1AC2ð pÞ 3 p � 72 ðmod 9Þ:

Now putting k ¼ 1 in Theorem 3.4 we get the result. &
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Inspired by Theorem 3.4, we now introduce new types of pseudoprimes.

Definition 3.2. Let a1; a2; a3 be integers such that D ¼ a2
1a2

2 � 4a3
2 � 4a3

1a3 � 27a2
3 þ

18a1a2a3 ¼ d2 for some integer d: If p is composite prime to 6d and the congruence
in Theorem 3.2(iii) holds, we say that p is a up�2ða1; a2; a3Þ pseudoprime. Similarly,

we may define spþ1ða1; a2; a3Þ; spþ2ða1; a2; a3Þ; up�1ða1; a2; a3Þ and upða1; a2; a3Þ
pseudoprimes according to Theorems 3.1 and 3.3. Let kAZ; and let p be a

composite number prime to 6ðk2 þ 3Þ: We say that p is a up�2; up�1; up or spþ1

pseudoprime with parameter k if p satisfies the congruence (a), (b), (c), or (d) in
Theorem 3.4, respectively.

In the special case k ¼ 1; a composite number p prime to 6 belongs to a new type
of pseudoprimes with parameter 1 if and only if one of the congruences in Corollary
3.1 is true for p:

According to the computations with computer, we list up�2; up�1; up; spþ1

pseudoprimes with parameter 1 up to 105 as follows:

up�2 pseudoprimes : 49 ¼ 72; 3481 ¼ 592; 16 469 ¼ 43 
 383:

up�1 pseudoprimes : 91 ¼ 7 
 13; 217 ¼ 7 
 31; 961 ¼ 312; 1681 ¼ 412;

19 771 ¼ 17 
 1163:

up pseudoprimes : 1469 ¼ 13 
 113; 5041 ¼ 712:

spþ1 pseudoprimes : 121 ¼ 112; 245 ¼ 5 
 72; 625 ¼ 54; 6289 ¼ 13 
 331:

Here we make some comments on new types of pseudoprimes. For each type of
the above pseudoprimes, do there exist infinitely many such pseudoprimes? From the
search result we see that each type of the above pseudoprimes should be very rare,
and more less than Carmichael numbers or Lucas pseudoprimes (there are 16

Carmichael numbers and 25 Lucas pseudoprimes below 105). Another observation is

that many of the above pseudoprimes are of the form q2; where q is an odd prime. Is
this true? How to interpret it?

Now we introduce another type of pseudoprimes.

Definition 3.3. Let m; a1; a2;y; am be integers, and let fsng be given by

s0 ¼ m; s1 ¼ �a1; sk ¼ �ða1sk�1 þ a2sk�2 þ?þ ak�1s1 þ kakÞ ð2pkomÞ;

sn þ a1sn�1 þ?þ amsn�m ¼ 0 ðnXmÞ:

If p is an odd composite number such that sp � �a1 ðmod pÞ; we say that p is a sp

pseudoprime with parameters a1; a2;y; am; or say that p is a spða1;y; amÞ
pseudoprime.
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Let xm þ a1x
m�1 þ?þ am ¼ ðx � x1Þ?ðx � xmÞ: By Newton’s formula (cf. [17])

we have sn ¼ xn
1 þ?þ xn

m ðnX0Þ: Since x1; x2;y; xm are all algebraic integers,

using Fermat’s little theorem we see that if p is a prime, then

sp ¼ x
p
1 þ?þ x p

m � ðx1 þ?þ xmÞ p ¼ ð�a1Þ p � �a1 ðmod pÞ:

So spða1;y; amÞ pseudoprimes are well defined.

For example, an odd composite number p is a spð�3;�9; 3Þ pseudoprime if and

only if spð�3;�9; 3Þ � 3 ðmod pÞ: All the spð�3;�9; 3Þ pseudoprimes below 50 000

are 25 ¼ 52; 289 ¼ 172; 615 ¼ 3 
 5 
 41; 2703 ¼ 3 
 17 
 53; 11 951 ¼ 17 
 19 
 37;
41 393 ¼ 11 
 53 
 71:

Clearly sða1;y; amÞ pseudoprimes include pseudoprimes to base a and Lucas
pseudoprimes. For given integers a1;y; am we conjecture that there are infinitely
many sða1;y; amÞ pseudoprimes.

4. The cubic congruence x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ

Let a1; a2; a3AZ: The discriminant D of the cubic polynomial x3 þ a1x
2 þ a2x þ

a3 ¼ ðx � x1Þðx � x2Þðx � x3Þ is given by (cf. [17,12])

D ¼ ðx1 � x2Þ2ðx1 � x3Þ2ðx2 � x3Þ2 ¼ a2
1a

2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3: ð4:1Þ

When p43 is a prime such that p [D; it follows from Lemma 2.3 that

Npðx3 þ a1x2 þ a2x þ a3Þ ¼
0 or 3 if ðD

p
Þ ¼ 1;

1 if ðD
p
Þ ¼ �1:

(
ð4:2Þ

This is a well-known result mentioned in Section 1.

Lemma 4.1. Let p43 be a prime, a1; a2; a3AZ; and D ¼ a2
1a2

2 � 4a3
2 � 4a3

1a3 � 27a2
3 þ

18a1a2a3 � 0 ðmod pÞ: Then Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 3: Moreover,

x �
�a1

3
; � a1

3
; � a1

3
ðmod pÞ if p j a2

1 � 3a2;

�a1 þ a1a2�9a3
a2
1
�3a2

; � a1a2�9a3
2ða2

1
�3a2Þ; � a1a2�9a3

2ða2
1
�3a2Þ ðmod pÞ if p[a2

1 � 3a2

(

are the three solutions of the congruence x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ:

Proof. Let a ¼ ða2
1 � 3a2Þ3 and b ¼ �2a3

1 þ 9a1a2 � 27a3: Then b2 � 4a ¼ �27D �
0 ðmod pÞ by Lemma 2.3.

If p j a2
1 � 3a2; then p j a and so p j b: Hence, by (2.8) we get x3 þ a1x

2 þ a2x þ a3 �
ðx þ a1=3Þ3 ðmod pÞ: So the result holds in this case.

ARTICLE IN PRESS
Z.-H. Sun / Journal of Number Theory 102 (2003) 41–8968



If p[a2
1 � 3a2; clearly X 3 � 3aX � ab � 0 ðmod pÞ has the three solutions X �

b;�b=2;�b=2 ðmod pÞ: So, using Lemma 2.3(ii) we see that

x � 1

3

b

a2
1 � 3a2

� a1

� �
;
1

3
� b

2ða2
1 � 3a2Þ

� a1

� �
;
1

3
� b

2ða2
1 � 3a2Þ

� a1

� �
ðmod pÞ

are the three solutions of the congruence x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ: To see

the result, we note that

1

3

b

a2
1 � 3a2

� a1

� �
¼ �a1 þ

a1a2 � 9a3

a2
1 � 3a2

and

1

3
� b

2ða2
1 � 3a2Þ

� a1

� �
¼ � a1a2 � 9a3

2ða2
1 � 3a2Þ

: &

Lemma 4.2. Let p43 be a prime, a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3; b ¼ �2a3

1 þ 9a1a2 �
27a3; D ¼ a2

1a2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3; and p[aD: Then Npðx3 þ a1x2 þ
a2x þ a3Þ ¼ 3 if and only if there is an integer d such that d2 � D ðmod pÞ and

b=ð3dÞAC0ð pÞ; and Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 0 if and only if there is an integer d

such that d2 � D ðmod pÞ and b=ð3dÞeC0ð pÞ:

Proof. In view of (4.2) we may assume ðD
p
Þ ¼ 1 and d2 � D ðmod pÞ ðdAZÞ: If p j b;

then 3a � 81D=4 ðmod pÞ since b2 � 4a ¼ �27D: So we have ð3a
p
Þ ¼ 1 and therefore

Npðx3 þ a1x2 þ a2x þ a3Þ ¼ Npðx3 � 3ax � abÞ ¼ 3 by Lemma 2.3. On the other

hand, we have b=ð3dÞAC0ð pÞ since 0AC0ð pÞ: So the result is true when p j b:

Now assume p[b: Clearly ð�9dÞ2 � 81D ¼ �3ðb2 � 4aÞ ðmod pÞ: So, using
Theorem 4.1 of [15] we find that

Npðx3 � 3ax � abÞ ¼
3 if � 9d=bAC0ð pÞ;
0 if � 9d=beC0ð pÞ:

(

Since Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ Npðx3 � 3ax � abÞ by Lemma 2.3 and

b=ð3dÞAC0ð pÞ if and only if �9d=bAC0ð pÞ by Sun [15, Proposition 2.2], we
obtain

Npðx3 þ a1x2 þ a2x þ a3Þ ¼
3 if b=ð3dÞAC0ð pÞ;
0 if b=ð3dÞeC0ð pÞ:

(

This finishes the proof. &
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Now we can prove

Theorem 4.1. Let p43 be a prime, a1; a2; a3AZ and p[a2
1 � 3a2: Then Npðx3 þ a1x2 þ

a2x þ a3Þ ¼ 0 if and only if spþ1ða1; a2; a3Þ � a2 ðmod pÞ; and Npðx3 þ a1x
2 þ a2x þ

a3Þ ¼ 3 if and only if spþ1ða1; a2; a3Þ � a2
1 � 2a2 ðmod pÞ:

Proof. Let a¼ ða2
1�3a2Þ3; b¼�2a3

1 þ 9a1a2�27a3; D ¼ � 1
27
ðb2 � 4aÞ ¼ a2

1a2
2 � 4a3

2�
4a3

1a3 � 27a2
3 þ 18a1a2a3; and sn ¼ snða1; a2; a3Þ: We show the result by considering the

following three cases.

Case 1: p j D: In this case Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 3 by Lemma 4.1. On the

other hand, using Theorem 3.1(iii) we see that spþ1 � a2
1 � 2a2 ðmod pÞ: So the result

is true when p j D:

Case 2: ðD
p
Þ ¼ 1: Suppose d2 � D ðmod pÞ for dAZ: From Theorem 3.1 and

Lemma 4.2 we see that

spþ1 �
a2
1 � 2a2 ðmod pÞ if Npðx3 þ a1x

2 þ a2x þ a3Þ ¼ 3;

a2 ðmod pÞ if Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 0:

(

Case 3: ðD
p
Þ ¼ �1: In this case we have Npðx3 þ a1x

2 þ a2x þ a3Þ ¼ 1 and

ð�3ðb2�4aÞ
p

Þ ¼ �1 by (4.2) and the fact that b2 � 4a ¼ �27D: From Lemma 3.1 and

Corollary 2.1 we see that

spþ1 �
1

3
a2
1 þ ða2

1 � 3a2Þ
1þðp

3
Þ

2 
 a

p

� �
a

p�ðp
3
Þ

6
�1y

( )
� 1

3
fa2

1 þ ða2
1 � 3a2Þ�2

yg ðmod pÞ;

where yAZ satisfies the congruence y3 � 3a2y � a2ðb2 � 2aÞ � 0 ðmod pÞ: Since

p[aðb2 � 4aÞ we must have yc� a; 2a ðmod pÞ and so spþ1ca2; a2
1 � 2a2 ðmod pÞ:

Summarizing the above we get the assertion. &

Corollary 4.1. Let p43 be a prime, a1; a2; a3AZ; p[a2
1 � 3a2 and sn ¼ snða1; a2; a3Þ: If

spþ1 � a2 ðmod pÞ; then ðD
p
Þ ¼ 1 and ð2spþ2 þ a1a2 � 3a3Þ2 � D ðmod pÞ; where

D ¼ a2
1a

2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3:

Proof. Let a ¼ ða2
1 � 3a2Þ3 and b ¼ �2a3

1 þ 9a1a2 � 27a3: From Theorem 4.1 and

Lemma 4.1 we see that Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 0 and so p[D: It then follows

from Lemma 4.2 that there is an integer d such that d2 � D ðmod pÞ and

b=ð3dÞeC0ð pÞ: Since ð b
3d
Þ2 þ 3 � b2þ27D

9D
¼ 4a

9D
c0 ðmod pÞ we see that b=ð3dÞA
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C1ð pÞ,C2ð pÞ: Hence applying Theorem 3.1(iii) we get spþ2 � 1
2ð7d � a1a2 þ

3a3Þ ðmod pÞ and so ð2spþ2 þ a1a2 � 3a3Þ2 � ð7dÞ2 � D ðmod pÞ: This proves the

corollary. &

Lemma 4.3. Let a1; a2; a3;A;B;C; x; yAZ; x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ and y �

Ax2 þ Bx þ C ðmod pÞ: If Ay � a1AB þ a2A2 þ B2 � ACc0 ðmod pÞ or ða1a2 �
a3ÞA3 � ða2

1 þ a2ÞA2B þ 2a1AB2 � B3c0 ðmod pÞ; then we have

x � ðB � a1AÞy þ a1AC � a3A
2 � BC

Ay � a1AB þ a2A2 þ B2 � AC
ðmod pÞ:

Proof. If p j A; then p[B and y � Bx þ C ðmod pÞ: So x � ðy � CÞ=B ¼ ðBy �
BCÞ=B2 ðmod pÞ: This shows that the result is true when p j A:

Now assume p[A: It is easily seen that

ðAx þ a1A � BÞy �ðAx þ a1A � BÞðAx2 þ Bx þ CÞ

¼A2ðx3 þ a1x
2Þ þ ða1AB � B2 þ ACÞx þ a1AC � BC

� � A2ða2x þ a3Þ þ ða1AB � B2 þ ACÞx þ a1AC � BC

¼ða1AB � B2 þ AC � a2A2Þx þ a1AC � BC � a3A2 ðmod pÞ:

That is,

ðAy � a1AB þ B2 � AC þ a2A
2Þx � ðB � a1AÞy þ a1AC � BC � a3A

2 ðmod pÞ:

If Ay � a1AB þ B2 � AC þ a2A2 � 0 ðmod pÞ; we must have y � ða1AB � B2 þ
AC � a2A

2Þ=A ðmod pÞ and ðB � a1AÞy þ a1AC � BC � a3A
2 � 0 ðmod pÞ by the

above. So

ðB � a1AÞða1AB � B2 þ AC � a2A
2Þ þ Aða1AC � BC � a3A2Þ

¼ ða1a2 � a3ÞA3 � ða2
1 þ a2ÞA2B þ 2a1AB2 � B3 � 0 ðmod pÞ:

This is a contradiction. Therefore Ay � a1AB þ B2 � AC þ a2A
2c0 ðmod pÞ

and hence x � ððB � a1AÞy þ a1AC � BC � a3A
2Þ=ðAy � a1AB þ a2A

2 þ B2 � ACÞ
ðmod pÞ: This completes the proof. &

Theorem 4.2. Let p43 be a prime, a1; a2; a3AZ; and sn ¼ snða1; a2; a3Þ: Then Npðx3 þ
a1x

2 þ a2x þ a3Þ ¼ 1 if and only if spþ1ca2; a2
1 � 2a2 ðmod pÞ: Moreover, if
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spþ1ca2; a2
1 � 2a2 ðmod pÞ; then the unique solution of the congruence x3 þ a1x2 þ

a2x þ a3 � 0 ðmod pÞ is given by

x ��a1spþ1 þ 2a1a2 � 9a3

3spþ1 � 2a2
1 þ 3a2

�
�a1=3 ðmod pÞ if p j b;

ð3s2pþ1 � ða2
1 þ 3a2Þspþ1 þ 2a2

1a2 � 6a2
2 þ 9a1a3Þ=b ðmod pÞ if p[b;

(

where b ¼ �2a3
1 þ 9a1a2 � 27a3:

Proof. Let a ¼ ða2
1 � 3a2Þ3: If p j a; then a2

1 � 2a2 � a2 ðmod pÞ and x3 þ a1x2 þ
a2x þ a3 � 1

27
ðð3x þ a1Þ3 � bÞ ðmod pÞ by (2.8). Hence Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 1

if and only if p � 2 ðmod 3Þ and p[b: Next, using Lemma 3.1 we see that

spþ1 �
a2
1

3
� a2 ðmod pÞ if p � 1 ðmod 3Þ;

a2
1

3
þ 1

3
vpþ1

3

ða; bÞ � a2 þ 1
3

b
pþ1
3 ðmod pÞ if p � 2 ðmod 3Þ:

8><
>:

Thus,

Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 1 3 p � 2 ðmod 3Þ and p[b 3 spþ1ca2 ðmod pÞ:

If p[a; using Theorem 4.1 and the fact that Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 0; 1 or 3 we

see that Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 1 if and only if spþ1ca2; a2

1 � 2a2 ðmod pÞ:
Now assume spþ1ca2; a2

1 � 2a2 ðmod pÞ: Then Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 1 by

the above. Applying Lemma 2.3 we find ðD
p
Þ ¼ �1; where D ¼ � 1

27
ðb2 � 4aÞ: Let x be

an integer such that x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ: By Theorem 3.1 we have

spþ1 � 3x2 þ 2a1x þ 2a2 ðmod pÞ: Now putting A ¼ 3; B ¼ 2a1 and C ¼ 2a2 in

Lemma 4.3 we find ða1a2 � a3ÞA3 � ða2
1 þ a2ÞA2B þ 2a1AB2 � B3 ¼ b and so

x � �a1spþ1 þ 2a1a2 � 9a3

3spþ1 � 2a2
1 þ 3a2

ðmod pÞ ð4:3Þ

provided p[b: Since spþ1 � 3x2 þ 2a1x þ 2a2 ðmod pÞ and x3 þ a1x
2 þ a2x þ a3 �

0 ðmod pÞ; one can also check that

s2pþ1 � ða2
1 þ 3a2Þx2 þ ð5a1a2 � 9a3Þx þ 4a2

2 � 3a1a3 ðmod pÞ

and so

3s2pþ1 � ða2
1 þ 3a2Þspþ1 þ 2a2

1a2 � 6a2
2 þ 9a1a3 � bx ðmod pÞ:

Thus the result holds in the case p[b:
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When p j b; clearly p[a since b2 � 4a ¼ �27Dc0 ðmod pÞ: By (2.8) we have

x � �a1=3 ðmod pÞ: Thus, applying Theorem 3.1 we find spþ1 � 3x2 þ 2a1x þ 2a2 �
�a2

1=3þ 2a2 ðmod pÞ and so 3spþ1 � 2a2
1 þ 3a2 � �3ða2

1 � 3a2Þc0 ðmod pÞ: Thus we
also have (4.3) by Lemma 4.3. This completes the proof. &

Corollary 4.2. Let p43 be a prime, a1; a2; a3AZ; and D ¼ a2
1a

2
2 � 4a3

2 � 4a3
1a3 �

27a2
3 þ 18a1a2a3: Then ðD

p
Þ ¼ �1 if and only if spþ1ða1; a2; a3Þca2; a2

1 � 2a2 ðmod pÞ:

Proof. This is immediate from Lemma 2.3(iii) and Theorem 4.2. &

Corollary 4.3. Let p43 be a prime, a1; a2; a3AZ; and sn ¼ snða1; a2; a3Þ: If

spþ1ca2; a2
1 � 2a2 ðmod pÞ; then

spþ2 �
�2a1s2pþ1 þ a3

1spþ1 � a1a
2
2 � 3a2

1a3 þ 9a2a3

3spþ1 � 2a2
1 þ 3a2

ðmod pÞ:

Proof. From Theorem 4.2 and Corollary 4.2 we know that

Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 1 3 spþ1ca2; a2
1 � 2a2 ðmod pÞ 3

D

p

� �
¼ �1;

where D ¼ a2
1a2

2 � 4a3
2 � 4a3

1a3 � 27a2
3 þ 18a1a2a3:

Let x be an integer such that x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ: From Theorem

3.1 we see that

spþ1 � 3x2 þ 2a1x þ 2a2 ðmod pÞ and spþ2 � �2a1x
2 � ða2

1 þ a2Þx � a1a2 ðmod pÞ:

Thus

2a1spþ1 þ 3spþ2 � ða2
1 � 3a2Þx þ a1a2 ðmod pÞ:

Hence applying Theorem 4.2 we get

spþ2 �
1

3
fða2

1 � 3a2Þx þ a1a2 � 2a1spþ1g

� 1

3
ða2

1 � 3a2Þ
�a1spþ1 þ 2a1a2 � 9a3

3spþ1 � 2a2
1 þ 3a2

þ a1a2 � 2a1spþ1

� �

¼
�2a1s

2
pþ1 þ a3

1spþ1 � a1a2
2 � 3a2

1a3 þ 9a2a3

3spþ1 � 2a2
1 þ 3a2

ðmod pÞ:

This proves the corollary. &
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Remark 4.1. Let p43 be a prime, a1; a2; a3AZ; un ¼ unða1; a2; a3Þ and sn ¼
snða1; a2; a3Þ: If spþ1ca2; a2

1 � 2a2 ðmod pÞ; using Theorems 3.3 and 4.2 one can

obtain similar congruences for up�1 and up ðmod pÞ in terms of spþ1:

Theorem 4.3. Let p43 be a prime, a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3; b ¼ �2a3

1þ
9a1a2 � 27a3; D ¼ � 1

27
ðb2 � 4aÞ ¼ a2

1a2
2 � 4a3

2 � 4a3
1a3 � 27a2

3 þ 18a1a2a3 and un ¼
unða1; a2; a3Þ: If p[ab; then

Npðx3 þ a1x2 þ a2x þ a3Þ ¼

3 if Du2
p�2 � 0 ðmod pÞ;

0 if Du2
p�2 � ða2

1 � 3a2Þ2 ðmod pÞ;
1 if Du2

p�2c0; ða2
1 � 3a2Þ2 ðmod pÞ:

8>><
>>: ð4:4Þ

Moreover, if Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 1; then the unique solution of the congruence

x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ is given by

x � ð�a2
1a2 þ 6a2

2 � 9a1a3Þup�2 þ a3
1 � 6a1a2 þ 27a3

�bup�2 þ 3ða2
1 � 3a2Þ

ðmod pÞ:

Proof. If p j D; then Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 3 by Lemma 4.1. Now suppose

p[D: If ðD
p
Þ ¼ �1; it follows from Theorem 3.2 that Du3

p�2 � ða2
1 � 3a2Þ2up�2 þ b �

0 ðmod pÞ: Since p[b we see that Du2
p�2c0; ða2

1 � 3a2Þ2 ðmod pÞ: If ðD
p
Þ ¼ 1 and d2 �

D ðmod pÞ; by Theorem 3.2 we have Du2
p�2 � 0 or ða2

1 � 3a2Þ2 ðmod pÞ according as

b=ð3dÞAC0ð pÞ or b=ð3dÞeC0ð pÞ: Thus, Du2
p�2 � 0 ðmod pÞ if and only if there is an

integer d such that d2 � D ðmod pÞ and b=ð3dÞAC0ð pÞ; and Du2
p�2 � ða2

1 �
3a2Þ2 ðmod pÞ if and only if there is an integer d such that d2 � D ðmod pÞ and
b=ð3dÞeC0ð pÞ: This together with Lemma 4.2 gives (4.4).

Now suppose Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 1: Then ðD

p
Þ ¼ �1 by Lemma 2.3. Let

sn ¼ snða1; a2; a3Þ: From Theorem 3.1 we know that

sp � �a1 ðmod pÞ; spþ1 � 3x2 þ 2a1x þ 2a2 ðmod pÞ;

spþ2 � �2a1x2 � ða2
1 þ a2Þx � a1a2 ðmod pÞ:

Thus, by (3.3) we have

Dup�2 � � bx2 þ ð2a4
1 � 10a2

1a2 þ 6a2
2 þ 18a1a3Þx þ a3

1a2

� 4a1a
2
2 � 3a2

1a3 þ 18a2a3 ðmod pÞ:
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Setting y ¼ Dup�2; A ¼ �b; B ¼ 2a4
1 � 10a2

1a2 þ 6a2
2 þ 18a1a3 and C ¼ a3

1a2 �
4a1a

2
2 � 3a2

1a3 þ 18a2a3 we find

ðB � a1AÞy þ a1AC � a3A
2 � BC

¼ ð�a2
1a2 þ 6a2

2 � 9a1a3ÞDup�2 þ ða3
1 � 6a1a2 þ 27a3ÞD

and

Ay � a1AB þ a2A2 þ B2 � AC ¼ �bDup�2 þ 3ða2
1 � 3a2ÞD:

If p j b; then p[a since b2 � 4a ¼ �27Dc0 ðmod pÞ: So Ay � a1AB þ a2A2 þ B2 �
ACc0 ðmod pÞ: If p j b2 � 2a; then p[a and up�2 � �3b=ða2

1 � 3a2Þ2 ðmod pÞ by

Theorem 3.2. So

Ay � a1AB þ a2A
2 þ B2 � AC �Dð3b2ða2

1 � 3a2Þ�2 þ 3ða2
1 � 3a2ÞÞ

� 9Dða2
1 � 3a2Þc0 ðmod pÞ:

If p[bðb2 � 2aÞ; it follows from Theorem 3.2 that Du3
p�2 � ða2

1 � 3a2Þ2up�2 þ b �
0 ðmod pÞ: Thus up�2c3ða2

1 � 3a2Þ=b ðmod pÞ since p[b2 � 2a: Hence Ay � a1AB þ
a2A

2 þ B2 � ACc0 ðmod pÞ:
Now, by the above and Lemma 4.3 we see that the unique solution of the

congruence x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ is given by

x �ðB � a1AÞy þ a1AC � a3A2 � BC

Ay � a1AB þ a2A2 þ B2 � AC

�ð�a2
1a2 þ 6a2

2 � 9a1a3Þup�2 þ a3
1 � 6a1a2 þ 27a3

�bup�2 þ 3ða2
1 � 3a2Þ

ðmod pÞ:

This completes the proof. &

Lemma 4.4. Let p43 be a prime, a1; a2; a3AZ; and sn ¼ snða1; a2; a3Þ:

(i) If the congruence x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ has three solutions, then

s4pþ1
2

� 2ða2
1 � 2a2Þs2pþ1

2

þ 8a3
�a3

p

� �
spþ1

2

þ a4
1 � 4a2

1a2 þ 8a1a3 � 0 ðmod pÞ:
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(ii) If the congruence x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ is unsolvable, then

s4pþ1
2

� 2a2s
2
pþ1
2

þ 8a3
�a3

p

� �
spþ1

2

þ a2
2 � 4a1a3 � 0 ðmod pÞ:

Proof. Let x3 þ a1x2 þ a2x þ a3 ¼ ðx � x1Þðx � x2Þðx � x3Þ: Then sn ¼ xn
1 þ xn

2 þ xn
3

for all n ¼ 0; 1; 2y: On setting z1 ¼ x2x3; z2 ¼ x1x3 and z3 ¼ x1x2 we find

s2pþ1
2

� spþ1 ¼ ðx
pþ1
2

1 þ x
pþ1
2

2 þ x
pþ1
2

3 Þ2 � ðx pþ1
1 þ x

pþ1
2 þ x

pþ1
3 Þ ¼ 2ðz

pþ1
2

1 þ z
pþ1
2

2 þ z
pþ1
2

3 Þ:

Thus

ðs2pþ1
2

� spþ1Þ2 ¼ 4fz
pþ1
1 þ z

pþ1
2 þ z

pþ1
3 þ 2ððz1z2Þ

pþ1
2 þ ðz1z3Þ

pþ1
2 þ ðz2z3Þ

pþ1
2 Þg:

Since

ðz1z2Þ
pþ1
2 þ ðz1z3Þ

pþ1
2 þ ðz2z3Þ

pþ1
2 ¼ðx1x2x3Þ

pþ1
2 ðx

pþ1
2

1 þ x
pþ1
2

2 þ x
pþ1
2

3 Þ

¼ ð�a3Þ
pþ1
2 spþ1

2

� �a3
�a3

p

� �
spþ1

2

ðmod pÞ;

we get

ðs2pþ1
2

� spþ1Þ2 � 4ðz pþ1
1 þ z

pþ1
2 þ z

pþ1
3 Þ � 8a3

�a3

p

� �
spþ1

2

ðmod pÞ:

Observing that

z1 þ z2 þ z3 ¼ x2x3 þ x1x3 þ x1x2 ¼ a2; z1z2z3 ¼ ðx1x2x3Þ2 ¼ a2
3

and

z1z2 þ z1z3 þ z2z3 ¼ ðx1 þ x2 þ x3Þx1x2x3 ¼ ð�a1Þð�a3Þ ¼ a1a3

we see that z1; z2 and z3 are the three roots of the equation z3 � a2z
2 þ a1a3z � a2

3 ¼
0: Hence snð�a2; a1a3;�a2

3Þ ¼ zn
1 þ zn

2 þ zn
3: So, by the above we have

ðs2pþ1
2

� spþ1Þ2 þ 8a3
�a3

p

� �
spþ1

2

� 4spþ1ð�a2; a1a3;�a2
3Þ ðmod pÞ:
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That is,

s4pþ1
2

� 2spþ1s2pþ1
2

þ 8a3
�a3

p

� �
spþ1

2

þ s2pþ1 � 4spþ1ð�a2; a1a3;�a2
3Þ � 0 ðmod pÞ: ð4:5Þ

Now we claim that Npðz3 � a2z
2 þ a1a3z � a2

3Þ ¼ 0 or 3 according as Npðx3 þ
a1x

2 þ a2x þ a3Þ ¼ 0 or 3. If Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 3; we also have Npðz3 �
a2z

2 þ a1a3z � a2
3Þ ¼ 3 since z1 ¼ x2x3; z2 ¼ x1x3 and z3 ¼ x1x2: If Npðx3 þ a1x2 þ

a2x þ a3Þ ¼ 0 and z3 � a2z
2 þ a1a3z � a2

3 � 0 ðmod pÞ for some integer z; then p[a3

and so p[z: It is easily seen that

�a3

z


 �3
þa1 �a3

z


 �2
þa2 �a3

z


 �
þ a3 ¼

a3

z3
ðz3 � a2z

2 þ a1a3z � a2
3Þ � 0 ðmod pÞ:

This contradicts the condition Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 0: So Npðx3 þ a1x2 þ

a2x þ a3Þ ¼ 0 implies Npðz3 � a2z
2 þ a1a3z � a2

3Þ ¼ 0: Hence the claim is true.

If Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 3; then Npðz3 � a2z

2 þ a1a3z � a2
3Þ ¼ 3 by the

above. From Theorems 4.1 and 3.1 we see that

spþ1 � a2
1 � 2a2 ðmod pÞ and spþ1ð�a2; a1a3;�a2

3Þ � a2
2 � 2a1a3 ðmod pÞ:

Thus, by (4.5) we have

s4pþ1
2

� 2ða2
1 � 2a2Þs2pþ1

2

þ 8a3
�a3

p

� �
spþ1

2

þ a4
1 � 4a2

1a2 þ 8a1a3 � 0 ðmod pÞ:

If Npðx3 þ a1x
2 þ a2x þ a3Þ ¼ 0; then Npðz3 � a2z

2 þ a1a3z � a2
3Þ ¼ 0 by the claim.

Using Theorems 4.1 and 3.1 we see that

spþ1 � a2 ðmod pÞ and spþ1ð�a2; a1a3;�a2
3Þ � a1a3 ðmod pÞ:

Thus, by (4.5) we get

s4pþ1
2

� 2a2s
2
pþ1
2

þ 8a3
�a3

p

� �
spþ1

2

þ a2
2 � 4a1a3 � 0 ðmod pÞ:

We are done. &

Theorem 4.4. Let p43 be a prime, a1; a2; a3AZ; and sn ¼ snða1; a2; a3Þ: If the

congruence x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ has three solutions and x0 ¼

1
2
ðð�a3

p
Þspþ1

2

� a1Þc� a1 ðmod pÞ; then x � x0 ðmod pÞ is one of the three solutions of

the congruence x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ: Furthermore, if D ¼ a2
1a2

2 � 4a3
2 �

4a3
1a3 � 27a2

3 þ 18a1a2a3c0 ðmod pÞ; then d2 � D ðmod pÞ for some integer d and the
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other two solutions of the above congruence are given by

x � 7
1

2d
ðð2a2

1 � 6a2Þx2
0 þ ð2a3

1 � 7a1a2 þ 9a38dÞx0

þ a2
1a2 � 4a2

2 þ 3a1a38a1dÞ ðmod pÞ:

Proof. Since spþ1
2

¼ ð�a3
p
Þð2x0 þ a1Þ we find

s4pþ1
2

� 2ða2
1 � 2a2Þs2pþ1

2

þ 8a3
�a3

p

� �
spþ1

2

þ a4
1 � 4a2

1a2 þ 8a1a3

¼ ð2x0 þ a1Þ4 � 2ða2
1 � 2a2Þð2x0 þ a1Þ2

þ 8a3ð2x0 þ a1Þ þ a4
1 � 4a2

1a2 þ 8a1a3

¼ 16ðx4
0 þ 2a1x3

0 þ ða2
1 þ a2Þx2

0 þ ða1a2 þ a3Þx0 þ a1a3Þ

¼ 16ðx0 þ a1Þðx3
0 þ a1x

2
0 þ a2x0 þ a3Þ:

Thus, by Lemma 4.4 we obtain ðx0 þ a1Þðx3
0 þ a1x2

0 þ a2x0 þ a3Þ � 0 ðmod pÞ and so

x3
0 þ a1x2

0 þ a2x0 þ a3 � 0 ðmod pÞ since x0c� a1 ðmod pÞ:
Now assume p[D: Since Npðx3 þ a1x2 þ a2x þ a3Þ ¼ 3 we must have ðD

p
Þ ¼ 1 and

so d2 � D ðmod pÞ for some integer d: Suppose that x � x0; x1;x2ðmod pÞ are the

three solutions of the congruence x3 þ a1x
2 þ a2x þ a3 � 0 ðmod pÞ: Then clearly

x0 þ x1 þ x2 � �a1 ðmod pÞ and x0x1 þ x0x2 þ x1x2 � a2 ðmod pÞ: So we have x1 þ
x2 � �a1 � x0 ðmod pÞ and therefore

ðx0 � x1Þðx0 � x2Þ ¼ x0x1 þ x0x2 þ x1x2 þ x2
0 � 2x0ðx1 þ x2Þ

� a2 þ x2
0 þ 2x0ða1 þ x0Þ ¼ 3x2

0 þ 2a1x0 þ a2 ðmod pÞ:

Observing that ððx0 � x1Þðx0 � x2Þðx1 � x2ÞÞ2 � D � d2 ðmod pÞ by (4.1), we get
ðx0 � x1Þðx0 � x2Þðx1 � x2Þ � 7d ðmod pÞ and so

x1 � x2 � 7
d

ðx0 � x1Þðx0 � x2Þ
� 7

d

3x2
0 þ 2a1x0 þ a2

ðmod pÞ:

This together with the fact that x1 þ x2 � �a1 � x0 ðmod pÞ yields

x1 �
1

2
�a1 � x07

d

3x2
0 þ 2a1x0 þ a2

� �
ðmod pÞ
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and

x2 �
1

2
�a1 � x08

d

3x2
0 þ 2a1x0 þ a2

� �
ðmod pÞ:

Since x3
0 � �ða1x2

0 þ a2x0 þ a3Þ ðmod pÞ and so x4
0 � ða2

1 � a2Þx2
0 þ ða1a2 � a3Þx0 þ

a1a3 ðmod pÞ one can easily verify that

ð3x2
0 þ 2a1x0 þ a2Þðð2a2

1 � 6a2Þx2
0 þ ð2a3

1 � 7a1a2 þ 9a3Þx0 þ a2
1a2 � 4a2

2 þ 3a1a3Þ

� D ðmod pÞ:

Thus

d

3x2
0 þ 2a1x0 þ a2

� ð2a2
1 � 6a2Þx2

0 þ ð2a3
1 � 7a1a2 þ 9a3Þx0 þ a2

1a2 � 4a2
2 þ 3a1a3

d
ðmod pÞ:

Now putting the above together we obtain the result. &

From Lemmas 2.3, 4.2 and [15, Theorem 4.1] one can easily prove

Theorem 4.5. Let p be a prime such that p � 1 ðmod 3Þ; a1; a2; a3AZ; a ¼ ða2
1 � 3a2Þ3

and b ¼ �2a3
1 þ 9a1a2 � 27a3 with p[aðb2 � 4aÞ: Then the congruence x3 þ a1x2 þ

a2x þ a3 � 0 ðmod pÞ has three solutions if and only if there is an integer y such that

y2 � b2 � 4a ðmod pÞ and 4ðb � yÞ is a cubic residue of p. Moreover, if y2 �
b2 � 4a ðmod pÞ and z � z1; z2; z3 ðmod pÞ are the three solutions of the congruence

z3 � 4ðb � yÞ ðmod pÞ; then

x � ðzi � a1Þ2 þ 3ða2
1 � 4a2Þ

6zi

ðmod pÞ ði ¼ 1; 2; 3Þ

are the three solutions of the congruence x3 þ a1x2 þ a2x þ a3 � 0 ðmod pÞ:

We remark that Theorem 4.5 can also be deduced from the theory of cubic
equations.

5. The quartic congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ

Let p be an odd prime. In the section we discuss the general quartic congruence

x4 þ ax2 þ bx þ c � 0 ðmod pÞ:
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For the general quartic polynomial x4 þ a1x3 þ a2x
2 þ a3x þ a4 let

a ¼ a2 �
3a2

1

8
; b ¼ a3 �

a1a2

2
þ a3

1

8
; c ¼ a4 �

a1a3

4
þ a2

1a2

16
� 3a4

1

256

and y ¼ x þ a1=4: Then we find

x4 þ a1x
3 þ a2x

2 þ a3x þ a4 ¼ y4 þ ay2 þ by þ c:

So we only need to study the congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ:
For a; b; cAZ define

Dða; b; cÞ ¼ �ð4a3 þ 27b2Þb2 þ 16cða4 þ 9ab2 � 8a2c þ 16c2Þ: ð5:1Þ

Then clearly

a2Dða; b; cÞ ¼ 2ab2ða2 þ 12cÞ2 � 3b2ða2 þ 12cÞð2a3 � 8ac þ 9b2Þ

þ 4cð2a3 � 8ac þ 9b2Þ2: ð5:2Þ

It is easily seen that Dða; b; cÞ is just the discriminant of the cubic polynomial y3 þ
2ay2 þ ða2 � 4cÞy � b2: So, if p is an odd prime, then the congruence y3 þ 2ay2 þ
ða2 � 4cÞy � b2 � 0 ðmod pÞ has one multiple solution if and only if p j Dða; b; cÞ:

Lemma 5.1. Let p be an odd prime, and a; b; cAZ with p[b: Then the congruence

x4 þ ax2 þ bx þ c � 0 ðmod pÞ has one multiple solution if and only if Dða; b; cÞ �
0 ðmod pÞ:

Proof. Let x0AZ: It is clear that

x � x0 ðmod pÞ is a multiple solution of x4 þ ax2 þ bx þ c � 0 ðmod pÞ

3x4
0 þ ax2

0 þ bx0 þ c � 0 ðmod pÞ and 4x3
0 þ 2ax0 þ b � 0 ðmod pÞ

3 b � �2x0ð2x2
0 þ aÞ ðmod pÞ and a2 � 4c � ð2x2

0 þ aÞ2 þ 4bx0 ðmod pÞ

3 2a � �4x3
0 þ b

x0
ðmod pÞ and a2 � 4c � b2

4x2
0

þ 4bx0 ðmod pÞ

3 y3 þ 2ay2 þ ða2 � 4cÞy � b2 � y � b

2x0

� �2

ðy � 4x2
0Þ ðmod pÞ

3 y � b

2x0
ðmod pÞ is a multiple solution of

y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ:
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So

x4 þ ax2 þ bx þ c � 0 ðmod pÞ has one multiple solution

3y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ has one multiple solution

3Dða; b; cÞ � 0 ðmod pÞ:

This proves the lemma. &

Remark 5.1. If p43 is a prime, a; b; cAZ; p[b and p j Dða; b; cÞ; one can verify that

the congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ has the following multiple solution:

x �
�3b

4a
ðmod pÞ if 2a3 � 8ac þ 9b2 � 0 ðmod pÞ;

� ða2þ12cÞb
2a3�8acþ9b2

ðmod pÞ if 2a3 � 8ac þ 9b2c0 ðmod pÞ:

(

Lemma 5.2. Let p be an odd prime, a; b; cAZ and p[bDða; b; cÞ: If there is an integer y

such that y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ and ðy
p
Þ ¼ �1; then the congruence

x4 þ ax2 þ bx þ c � 0 ðmod pÞ is unsolvable.

Proof. If x ¼ x0 is a solution of the congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ; then
clearly

x4 þ ax2 þ bx þ c � ðx � x0Þðx3 þ x0x2 þ ðx2
0 þ aÞx þ x3

0 þ ax0 þ bÞ ðmod pÞ ð5:3Þ

and

x2
0 þ

a

2


 �2
� �bx0 þ

a2 � 4c

4
ðmod pÞ:

Since p[y we see that

x2
0 þ

a

2
þ y

2


 �2
� yx2

0 � bx0 þ
y2 þ 2ay þ a2 � 4c

4
� y x0 �

b

2y

� �2

ðmod pÞ: ð5:4Þ

If x0cb=ð2yÞ ðmod pÞ; then ðy
p
Þ ¼ 1 by (5.4). This contradicts the condition ðy

p
Þ ¼

�1: If x0 � b=ð2yÞ ðmod pÞ; we must have x2
0 � �ða þ yÞ=2 ðmod pÞ by (5.4). This

yields 4x3
0 þ 2ax0 þ b � 0 ðmod pÞ: Hence x � x0 ðmod pÞ is a multiple solution of

the congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ by (5.3). Using Lemma 5.1 we see that

Dða; b; cÞ � 0 ðmod pÞ: This is also a contradiction. Thus the congruence x4 þ ax2 þ
bx þ c � 0 ðmod pÞ has no solutions. &
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Theorem 5.1. Let p be an odd prime, and a; b; cAZ with p[bDða; b; cÞ:
If Npðx4 þ ax2 þ bx þ cÞ40; then Npðx4 þ ax2 þ bx þ cÞ ¼ Npðy3 þ 2ay2 þ ða2 �
4cÞy � b2Þ þ 1:

Proof. Suppose that x0 ðmod pÞ is a solution of the congruence x4 þ ax2 þ bx þ c �
0 ðmod pÞ: For u ¼ �x � x0 one can easily verify that

u3 þ 2x0u
2 þ ð2x2

0 þ aÞu � b ¼ �ðx3 þ x0x2 þ ðx2
0 þ aÞx þ x3

0 þ ax0 þ bÞ:

Thus, by (5.3) we have

x4 þ ax2 þ bx þ c � �ðx � x0Þðu3 þ 2x0u
2 þ ð2x2

0 þ aÞu � bÞ ðmod pÞ:

So

Npðx4 þ ax2 þ bx þ cÞ ¼ 1þ Npðu3 þ 2x0u2 þ ð2x2
0 þ aÞu � bÞ:

Set f ðuÞ ¼ u3 þ 2x0u2 þ ð2x2
0 þ aÞu � b: We claim that f ð�uÞc0 ðmod pÞ when

f ðuÞ � 0 ðmod pÞ: If f ðuÞ � f ð�uÞ � 0 ðmod pÞ; then f ðuÞ7f ð�uÞ � 0 ðmod pÞ and

p[u since p[b: This implies that 2x0u
2 � b � 0 ðmod pÞ and u2 þ 2x2

0 þ a �
0 ðmod pÞ: So 4x3

0 þ 2ax0 þ b � 0 ðmod pÞ: This together with (5.3) shows that x �
x0 ðmod pÞ is a multiple solution of the congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ:
Hence Dða; b; cÞ � 0 ðmod pÞ by Lemma 5.1. This contradicts the condition
p[Dða; b; cÞ: So the claim holds.

Clearly,

f ðuÞ f ð�uÞ ¼ ð2x0u
2 � bÞ2 � ðu3 þ ð2x2

0 þ aÞuÞ2

¼ � u6 � 2au4 � ð4x4
0 þ 4ax2

0 þ 4bx0 þ a2Þu2 þ b2

� � ðu6 þ 2au4 þ ða2 � 4cÞu2 � b2Þ ðmod pÞ: ð5:5Þ

Hence, if f ðuÞ � 0 ðmod pÞ for some uAZ; then y � u2 ðmod pÞ is a solution of the

congruence y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ: Conversely, if yAZ satisfies

y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ; then y � u2 ðmod pÞ for some uAZ by
Lemma 5.2. So f ðuÞ � 0 ðmod pÞ or f ð�uÞ � 0 ðmod pÞ by (5.5). By the above claim,

f ðuÞ � 0 ðmod pÞ implies that f ð�uÞc0 ðmod pÞ: So we have Npðx4 þ ax2 þ bx þ
cÞ � 1 ¼ Npðu3 þ 2x0u

2 þ ð2x2
0 þ aÞu � bÞ ¼ Npðy3 þ 2ay2 þ ða2 � 4cÞy � b2Þ: This

completes the proof. &

Now we give
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Theorem 5.2. Let p43 be a prime, and a; b; cAZ: Then the congruence ð�Þx4 þ ax2 þ
bx þ c � 0 ðmod pÞ has one and only one solution if and only if the congruence ð��Þ
y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ is unsolvable. Moreover, if ð��Þ is unsolvable,
then the unique solution of ð�Þ is given by

x � 1

4b
ða2 � 4c � S2

pþ1
2

Þ ðmod pÞ;

where fSng is defined by

S0 ¼ 3; S1 ¼ �2a; S2 ¼ 2a2 þ 8c;

Snþ3 ¼ �2aSnþ2 þ ð4c � a2ÞSnþ1 þ b2Sn ðn ¼ 0; 1; 2;yÞ: ð5:6Þ

Proof. If Npðx4 þ ax2 þ bx þ cÞ ¼ 1; then clearly p[b and so p[Dða; b; cÞ by Lemma

5.1. From this and Theorem 5.1 we see that Npðy3 þ 2ay2 þ ða2 � 4cÞy � b2Þ ¼ 0:

Now suppose that the congruence y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ is
unsolvable. Then clearly p[b and p[Dða; b; cÞ: It then follows from Theorem 5.1 that

Npðx4 þ ax2 þ bx þ cÞ ¼ 0 or 1: To see the result, we only need to show that x0 ¼
1
4b
ða2 � 4c � S2

pþ1
2

Þ satisfies the congruence x4
0 þ ax2

0 þ bx0 þ c � 0 ðmod pÞ:

Let a1 ¼ 2a; a2 ¼ a2 � 4c and a3 ¼ �b2: Then the congruence x3 þ a1x
2 þ a2x þ

a3 � 0 ðmod pÞ is unsolvable and Sn ¼ snða1; a2; a3Þ: Applying Lemma 4.4
we find

x2
0 ¼

1

16b2
ða2 � 4c � S2

pþ1
2

Þ2 ¼ � 1

16a3
ða2 � S2

pþ1
2

Þ2

� 1

16a3
8a3

�a3

p

� �
Spþ1

2

� 4a1a3

� �
¼ 1

2
ðSpþ1

2

� aÞ ðmod pÞ:

Thus

x4
0 þ ax2

0 þ bx0 þ c � 1

4
ðSpþ1

2

� aÞ2 þ a

2
ðSpþ1

2

� aÞ þ 1

4
ða2 � 4c � S2

pþ1
2

Þ þ c

¼ 1

4
ððSpþ1

2

� aÞ2 þ 2aðSpþ1
2

� aÞ þ a2 � S2
pþ1
2

Þ ¼ 0 ðmod pÞ:

This completes the proof. &

From Theorems 5.2 and 4.1 we have

Theorem 5.3. Let p43 be a prime, and a; b; cAZ:
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(i) If a2 þ 12cc0 ðmod pÞ; then the congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ has

one and only one solution if and only if Spþ1 � a2 � 4c ðmod pÞ; where fSng is given

by (5.6).

(ii) If a2 þ 12c � 0 ðmod pÞ; then the congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ has

one and only one solution if and only if p � 1 ðmod 3Þ and 8a3 þ 27b2 is a cubic

nonresidue ðmod pÞ:

Proof. Obviously ð2aÞ2 � 3ða2 � 4cÞ ¼ a2 þ 12c: If a2 þ 12cc0 ðmod pÞ; using
Theorems 5.2 and 4.1 we see that

Npðx4 þ ax2 þ bx þ cÞ ¼ 13Npðy3 þ 2ay2 þ ða2 � 4cÞy � b2Þ ¼ 0

3Spþ1 � a2 � 4c ðmod pÞ:

This proves (i).

Now suppose a2 þ 12c � 0 ðmod pÞ: Setting x ¼ 3y þ 2a we find

y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 1

27
ðx3 � ð8a3 þ 27b2ÞÞ ðmod pÞ:

This together with Theorem 5.2 implies that

Npðx4 þ ax2 þ bx þ cÞ ¼ 1

3Npðy3 þ 2ay2 þ ða2 � 4cÞy � b2Þ ¼ 0

3x3 � 8a3 þ 27b2 ðmod pÞ is unsolvable

3p � 1 ðmod 3Þ and 8a3 þ 27b2 is a cubic nonresidue ðmod pÞ:

So the theorem is proved. &

Theorem 5.4. Let p43 be a prime, a; b; cAZ and p[bDða; b; cÞ: Then congruence

ð�Þ x4 þ ax2 þ bx þ c � 0 ðmod pÞ has exactly two solutions if and only if congruence

ð��Þ y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ has one and only one solution and the

unique solution of ð��Þ is a quadratic residue modulo p. Furthermore, if y � u2 ðmod pÞ
is the unique solution of ð��Þ and v2 � �u4 � 2au2 � 2bu ðmod pÞ; then the two

solutions of ð�Þ are given by x � 1
2
ðu7v

u
Þ ðmod pÞ:

Proof. If Npðx4 þ ax2 þ bx þ cÞ ¼ 2; using Theorem 5.1 and Lemma 5.2 we see that

Npðy3 þ 2ay2 þ ða2 � 4cÞy � b2Þ ¼ 1 and the unique solution of ð��Þ is a quadratic

residue ðmod pÞ:
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Conversely, if y � u2 ðmod pÞ ðuAZÞ is the unique solution of ð��Þ; then Npðx4 þ
ax2 þ bx þ cÞ ¼ 0 or 2 by Theorem 5.1. It is easily seen that

y3 þ 2ay2 þ ða2 � 4cÞy � b2

� ðy � u2Þ y þ u2 þ 2a

2

� �2

�u2ðu2 þ 2aÞ2 � 4b2

4u2

 !
ðmod pÞ:

Thus,

�u4 � 2au2 � 2bu

p

� �
�u4 � 2au2 þ 2bu

p

� �
¼ u4ðu2 þ 2aÞ2 � 4b2u2

p

 !
¼ �1:

So we may choose the sign of u so that ð�u4�2au2�2bu
p

Þ ¼ 1:

Now suppose ð�u4�2au2�2bu
p

Þ ¼ 1 and v2 � �u4 � 2au2 � 2bu ðmod pÞ with vAZ:

Then clearly

1

2
u7

v

u


 �� �2

� 1

4
u2 þ�u4 � 2au2 � 2bu

u2
72v

� �
¼ 1

2
�a � b

u
7v

� �
ðmod pÞ

and therefore

1

2
u7

v

u


 �� �4

� 1

4
a2 þ b2

u2
þ 2ab

u
þ v282 a þ b

u

� �
v

� �

� 1

4
a2 þ �u4 � 2au2 þ b2

u2

� �
þ 2ab

u
� 2bu82 a þ b

u

� �
v

� �

� 1

4
a2 þ ða2 � 4cÞ þ 2ab

u
� 2bu82 a þ b

u

� �
v

� �

¼ 1

2
a2 � 2c þ ab

u
� bu8 a þ b

u

� �
v

� �
ðmod pÞ:

So

1

2
u7

v

u


 �� �4

þa
1

2
u7

v

u


 �� �2

þb 
 1
2

u7
v

u


 �
þ c

� 1

2
a2 � 2c þ ab

u
� bu8 a þ b

u

� �
v � a2 � ab

u
7av þ bu7

bv

u
þ 2c

� �
¼ 0 ðmod pÞ:

This shows that congruence ð�Þ has two solutions x � 1
2
ðu7v

u
Þ ðmod pÞ since p[v:

Hence Npðx4 þ ax2 þ bx þ cÞ ¼ 2 and the proof is complete. &
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From Theorems 5.4 and 4.2 we have

Theorem 5.5. Let p43 be a prime, a; b; cAZ; p[bDða; b; cÞ; and let fSng be given by

(5.6). Then Npðx4 þ ax2 þ bx þ cÞ ¼ 2 if and only if Spþ1ca2 � 4c; 2a2 þ 8c ðmod pÞ
and ð4a3 � 16ac þ 9b2 � 2aSpþ1Þ=ð�5a2 � 12c þ 3Spþ1Þ is a quadratic residue

ðmod pÞ: Moreover, if the above condition holds, then the two solutions of the

congruence x4 þ ax2 þ bx þ c � 0 ðmod pÞ are given by x � 1
2
ðu7v

u
Þ ðmod pÞ; where u

is determined by

u2 � 4a3 � 16ac þ 9b2 � 2aSpþ1

�5a2 � 12c þ 3Spþ1
ðmod pÞ and

�u4 � 2au2 � 2bu

p

� �
¼ 1;

and v is given by v2 � �u4 � 2au2 � 2bu ðmod pÞ:

Proof. Let a1 ¼ 2a; a2 ¼ a2 � 4c and a3 ¼ �b2: Then clearly a2
1 � 2a2 ¼ 2a2 þ 8c

and

2a1a2 � 9a3 � a1Spþ1

�2a2
1 þ 3a2 þ 3Spþ1

¼ 4a3 � 16ac þ 9b2 � 2aSpþ1

�5a2 � 12c þ 3Spþ1
:

Now, applying Theorems 5.4 and 4.2 we obtain the result. &

Now we point out the following criterion for Npðx4 þ ax2 þ bx þ cÞ ¼ 4; which

can also be deduced from Galois theory.

Theorem 5.6. Let p43 be a prime, a; b; cAZ and p[bDða; b; cÞ: Then congruence

ð�Þ x4 þ ax2 þ bx þ c � 0 ðmod pÞ has four solutions if and only if congruence

ð��Þ y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ has three solutions and all the

three solutions are quadratic residues modulo p. Furthermore, if y � u2
1; u2

2;

u2
3 ðmod pÞ ðu1; u2; u3AZÞ are the solutions of ð��Þ such that u1u2u3 � �b ðmod pÞ;

then the four solutions of ð�Þ are given by

x � u1 þ u2 þ u3

2
;

u1 � u2 � u3

2
;
�u1 þ u2 � u3

2
;
�u1 � u2 þ u3

2
ðmod pÞ:

Proof. If Npðx4 þ ax2 þ bx þ cÞ ¼ 4; it follows from Lemma 5.2 and Theorem 5.1

that Npðy3 þ 2ay2 þ ða2 � 4cÞy � b2Þ ¼ 3 and all the three solutions of congruence

ð��Þ are quadratic residues ðmod pÞ:
Now suppose that y � u2

1; u2
2; u2

3 ðmod pÞ are the three solutions of ð��Þ such that

u1u2u3 � �b ðmod pÞ: From Vieta’s theorem we have

u2
1 þ u2

2 þ u2
3 � �2a ðmod pÞ; u2

1u
2
2 þ u2

2u
2
3 þ u2

1u2
3 � a2 � 4c ðmod pÞ
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and

u2
1u

2
2u2

3 � b2 ðmod pÞ:

Using this one can easily verify that

x � 1
2
ðu1 þ u2 þ u3Þ; 1

2
ðu1 � u2 � u3Þ; 1

2
ð�u1 þ u2 � u3Þ; 1

2
ð�u1 � u2 þ u3Þ ðmod pÞ

are the solutions of congruence ð�Þ: Since p[Dða; b; cÞ; we see that ð��Þ has no
multiple solutions. So

u2
1cu2

2 ðmod pÞ; u2
1cu2

3 ðmod pÞ and u2
2cu2

3 ðmod pÞ:

Hence the above four solutions of ð�Þ are distinct. This completes the proof. &

Theorem 5.7. Let p43 be a prime, a; b; cAZ and p[ða2 þ 12cÞbDða; b; cÞ: Then the

congruence ð�Þ x4 þ ax2 þ bx þ c � 0 ðmod pÞ has four solutions if and only if

Sðp�1Þ=2 � 3 ðmod pÞ and Spþ1 � 2a2 þ 8c ðmod pÞ; where fSng is given by S0 ¼ 3;

S1 ¼ �2a; S2 ¼ 2a2 þ 8c and Snþ3 ¼ �2aSnþ2 þ ð4c � a2ÞSnþ1 þ b2Sn ðnX0Þ:

Proof. Clearly Sn ¼ snð2a; a2 � 4c;�b2Þ: From the fact that p[a2 þ 12c and

Theorem 4.1 we see that Npðy3 þ 2ay2 þ ða2 � 4cÞy � b2Þ ¼ 3 if and only if Spþ1 �
2a2 þ 8c ðmod pÞ: If y � y1; y2; y3 ðmod pÞ are the three solutions of the congruence

y3 þ 2ay2 þ ða2 � 4cÞy � b2 � 0 ðmod pÞ; then clearly y1y2y3 � b2 ðmod pÞ and so

Sp�1
2

� y
p�1
2

1 þ y
p�1
2

2 þ y
p�1
2

3 � y1

p

� �
þ y2

p

� �
þ y3

p

� �

¼
3 ðmod pÞ if ðy1

p
Þ ¼ ðy2

p
Þ ¼ ðy3

p
Þ ¼ 1;

�1 ðmod pÞ otherwise:

(

Thus, y1; y2; y3 are all quadratic residues of p if and only if Sðp�1Þ=2 � 3 ðmod pÞ:Now

applying Theorem 5.6 we obtain the result. &

From Theorems 5.2, 5.4, 5.6 and Lemma 5.2 we have the following conclusion.

Theorem 5.8. Let p43 be a prime, a; b; cAZ and p[bDða; b; cÞ: Then Npðx4 þ ax2 þ
bx þ cÞ ¼ 0 if and only if there exists an integer y such that y3 þ 2ay2 þ ða2 � 4cÞy �
b2 � 0 ðmod pÞ and ðy

p
Þ ¼ �1: When Npðx4 þ ax2 þ bx þ cÞ40 we have Npðx4 þ

ax2 þ bx þ cÞ ¼ Npðy3 þ 2ay2 þ ða2 � 4cÞy � b2Þ þ 1:

Theorem 5.8 is equivalent to the following result.
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Theorem 5.9. Let p43 be a prime, and a; b; cAZ with p[bDða; b; cÞ: Then

Npðx4 þ ax2 þ bx þ cÞ ¼ 1þ
X

y

y

p

� �
;

where y runs over the solutions of the congruence ð��Þ y3 þ 2ay2 þ ða2 � 4cÞy � b2 �
0 ðmod pÞ:

Proof. If the congruence ð��Þ is unsolvable, then Npðx4 þ ax2 þ bx þ cÞ ¼ 1 by

Theorem 5.2. If y � y0 ðmod pÞ is the unique solution of ð��Þ; using Theorems 5.1

and 5.4 we know that Npðx4 þ ax2 þ bx þ cÞ ¼ 0 or 2 according as ðy0
p
Þ ¼ �1 or

ðy0
p
Þ ¼ 1: If y � y1; y2; y3 ðmod pÞ are the three solutions of ð��Þ; then ðy1

p
Þðy2

p
Þðy3

p
Þ ¼

ðy1y2y3
p

Þ ¼ ðb2

p
Þ ¼ 1: When ðy1

p
Þ ¼ ðy2

p
Þ ¼ ðy3

p
Þ ¼ 1; it follows from Theorem 5.6 that

Npðx4 þ ax2 þ bx þ cÞ ¼ 4: Otherwise Npðx4 þ ax2 þ bx þ cÞ ¼ 0 by Lemma 5.2. So

the theorem is proved. &

Remark 5.2. In [10] Skolem obtained the result which is close to Theorem 5.9.

However, his condition includes the value of the Legendre symbol ðD
p
Þ; where D is the

discriminant of the given quartic polynomial f ðxÞ; and p is a prime greater than 3
such that p[D: Compared with Skolem’s condition, the condition of Theorem 5.9 is
more simple.
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