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Abstract

Let p>3 be a prime, and N,(f(x)) denote the number of solutions of the congruence
f(x) =0 (mod p). In this paper, using the third-order recurring sequences we determine the
values of N, (x* + a1 x> + axx + a3) and N,,(x4 + ax® + bx + ¢), and construct the solutions of
the corresponding congruences, where ay, az, as, a, b, ¢ are integers.
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1. Introduction

Let p be a prime greater than 3, and let Z be the set of integers. In this
paper we study the general cubic congruence x*+ a;x* + axx + a3 = 0 (mod p)
and the quartic congruence x*+4 ax?+4bx+c=0(modp), where aj,az, a3,
a,b,ce”.

Denote the number of solutions of the congruence f(x)=0(modp) by
N,(f(x))- Let (4) be the Legendre symbol, and let D = aja3 — 4a3 — 4ajas — 27a3+
18a1ara; be the discriminant of the cubic polynomial x* + a;x + arx + a3
(cf. [17]). According to Stickelberger [5,14], Dickson [6] and Skolem [9,11]
we have
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Theorem 1.1. If p>3 is a prime, ay,a;,a3€Z and pt D, then

Oor3 if @)=1,

N,(X> + a1x* + aox + a3) =
R FI

In 1829 Cauchy (cf. [4,18]) proved

Theorem 1.2. Let A, BeZ, and let p>3 be a prime such that p } AB and (W) =1.
If {v,} is defined by vo = 2, vi = B and v,y = Bv, + (%)30,1_1(n> 1), then

3 o, @)=

N,(x* + Ax — B) = )
. _ 1-(7))/2
0 if v, 2= - (modp).

In 1992 Spearman and Williams [12,13] revealed the connection between
cubic congruences and binary quadratic forms. They established the following
result.

Theorem 1.3. Let ay,a»,as be integers such that x> + a\x* + a»x + a3 is irreducible
over the field of rational numbers and has a non-square discriminant D. Let H(D)
denote the form class group of classes of primitive, integral binary quadratic forms of
discriminant D. Then there is a unique subgroup J(ai, as,as) of index 3 in H(D) such
that if p is any prime >3 with (%) =1, then N,(x* + a1x* + a»x + a3) = 3 if and only
if p is represented by one of the classes in J(a,,as,a3).

From the above we know that solving cubic and quartic congruences has a long
history. For more results along this line one may consult [1-3,7,18,19].

For integers aj,ay,as let {u,} and {s,} be the third-order recurring sequences
defined by

uy=u_1 =0, uy=1, uy3~+ a2+ @iy +azu, =0 (n= —2)
and
2
So=3, s1=-ai, SH=a;—2a, Sp3+ @S2+ @Syt +azs, =0 (n=0).

In the paper we mainly determine the values of 5,11, Sp42, Up—2, Up—1,u, modulo p. As
applications, we introduce new types of pseudoprimes, obtain the formulas for
N, (x* + a1x* + ax + a3) and N,(x* + ax? + bx + ¢), and construct the solutions of
cubic and quartic congruences in terms of {s,} as well. As examples we have the
following typical results on cubic and quartic congruences.
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(1.1) Let p>3 be a prime ar,ar,a3€Z, a = (a® — 3a2)°, b = =243 + 9arar — 27a3
I i
and D = —4(b* — 4a) = d}a3 — 4a3 — 4ajas — 2743 + 18ajazas. If ptab, then

3 if Du , =0 (modp),
N,(X* +a1x* + axx+a3) =4 0 1fDu , = (& — 3ay)* (mod p),

1 if Dup_z;ﬁéO, (a3 — 3a;)* (mod p).
Moreover, if Np(x3 + a1 x? + arx + az) = 1, then the unique solution is given by

(—a%az + 6a§ —9aia3)u,—» + a*? —6ajar +27a3

Y —buy_» + 3(a} — 3ar)

(mod p).

(1.2) Let p>3 be a prime, and ay,az,as€Z. If pta} — 3a,, we have

3 if sp41 = ai — 2a; (mod p),
Np(x3—|—a1x2+a2x+a3) =¢ 0 if 5,41 = a» (modp),
1 if spp1#ar, @ —2a; (modp).

Moreover, if Np(x3 + a1 Xt +ax + az) =1, then the unique solution of the
congruence Xx° +ayx*> 4+ arx+a; =0 (modp) is given by x= (2aia; —9az —
a15p+1)/(=2a} + 3az + 3s,41) (mod p); if N,(x* +a1x? + axx +a3) =0 and ptal —
3ay, then (2842 + ajas — 3a3)2 = D (mod p); if N,,(x3 +a1x* + arx +a3) =3, ptD
and xg = %((_7‘“)31%1 —a;)# — a; (mod p), then

d

1
X=X, 5|-—a1—Xotzm5—————] (modp)
2 3x0 + 2a1xy + a»

are the three solutions of the congruence x* + a; x> 4+ a>x + a3 = 0 (mod p), where D
is given by (1.1) and d is an integer such that d> = D (mod p).

(1.3) Let p>3 be a prime, a,b,ceZ, and let {S,} be given by Sy =3, S| =
—2a, S =2a’> +8c and S,;3 = —2aS,2 + (4¢ — a?)Syi1 + b*S, (n=0). If pta® +
12¢, then N,(x*+ax?>+bx+c)=1 if and only if S, =a* —4c(modp). If
N,(x* +ax? + bx + ¢) = 1, then the unique solution of the congruence x* + ax? +
bx + ¢ = 0(mod p) is given by x = (a® — 4¢ — S(ZPJrl 1)/ (4b) (mod p).

(1.4) Let p>3 be a prime, a,b,ceZ and p4(a* + 12¢)b((4a> + 27b)b* — 16¢(a* +
9ab?> — 8a*c + 16¢?)). Then the congruence x* + ax? 4 bx + ¢ = 0 (mod p) has four
solutions if and only if S(,_j)» =3 (modp) and S, = 24* + 8¢ (mod p), where
{S,} is the sequence as in (1.3).
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(1.5) Let p>3 be a prime, a,b,ceZ, D(a,b,c) = —(4a® + 27b*)b* + 16¢(a* +
9ab? — 8a*c + 16¢*) and ptbD(a,b,c). Then

N,(x* +ax* +bx+¢) =1+ <y>7
g -1+ (2

where y runs over the solutions of the congruence y* + 2ay* + (a*> — 4c)y — b* =
0 (mod p).

We remark that (1.1) and (1.2) are better than Cauchy’s result since we do not
need to compute the Legendre symbol (§)~ The proofs of (1.1) and (1.2) are based on
[15], and the proofs of (1.3)—(1.5) depend on (1.2). (1.5) is the basic result for quartic
congruences, which improves Skolem’s result (see [7,10]). Although the methods
used are elementary, our results seem simple and useful, and are not easy
consequences of Galois’ theory. For example, using Galois’ theory we do not know
why (1.3) is true.

Throughout this paper we use the following notations:

[x]—the greatest integer not exceeding x, (“—)—the Legendre symbol, N,(f(x))
the number of solutions of the congruence f/(x ) =0 (modp), Co(p),Ci(p),Co(p )—
the sets defined by Sun [15, Definition 2.1], D(a, b, ¢) = —(4a* + 27b*)b* + 16¢(a* +

9ab® — 8a*c +16¢%), v = (—1 ++/=3)/2.

x))—

2. Connections between Lucas sequences and cubic congruences
For a,beZ the Lucas sequences {u,(a,b)} and {v,(a,b)} are defined by
up(a,b) =0, wui(a,b)=1 and wuyi(a,b) = bu,(a,b) — au,_1(a,b)(n=1) (2.1)
and
vo(a,b) =2, wvi(a,b)=>b and wvui(a,b)=bv,(a,b) —av,_1(a,b)(n=1). (2.2)

It is well known that

(. b) = 1 b+vVb*—4a\ [b—Vb—4a (B — 4a£0)
b? — 4a

2 2

and

vu(a,b) =

b+ Vb —4a\ [(b— VP> —4a\
— | |l
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When p is an odd prime such that p}ta, we have the following congruences (see [8]):

b —

U 24, (a,b)=0(modp) and wu,(a,b)= <
=5

4“) (modp).  (2.4)

Lemma 2.1. Let a,beZ, u, = u,(a,b) and v, = v,(a,b). Then

(i) vs, = v — 3d"v,.
(i) If p is an odd prime such that pta(b* — 4a) and & = (b - 4y, then
l1—¢ e—1
vp_e =2a 2 (modp) and wv,..=a?2 (b*—2a)(modp).

Proof. Set 1 =4(b+ Vb> —4a) and u = (b — Vb*> — 4a). Then we find ru = a and
Uy = " 4+ 4" for m=0. Thus,

Vi = "+ = (") = 3(w)" (¢ + ") = v} —3d",

This proves (i).
Now consider (ii). One can easily check that

b b* = 2a

Un = —Upy2 —
a

Upi1 = Uy — buy, = buy, — 2au, | = (b2 —2a)u,_ — abuy,_.

Thus applying (2.4) we see that
vy = &(2a"u, — bu, ;) = 241792 (mod p)
and
pre = (@ V2 (0% = 2a)u, — a'bu, ) = a“"V2(B* — 2a) (mod p).
This proves (ii) and hence the proof is complete. [
In [15] we point out the following basic result without proof.

Lemma 2.2. Let p>3 be a prime, a,beZ and pta. Then Np(x3 —3ax —ab) = 1 if and

only lf(ﬂ) = —1. Moreover, zf(M) = —1, then the unique solution of the

congruence x> — 3ax — ab = 0 (mod p) is given by
=&

X=a 3 v(ﬁz(%))/}(mb)z

b

(modp).
3
aily,,_ @@ b) =



46 Z.-H. Sun | Journal of Number Theory 102 (2003) 41-89

Proof. If p|b, then clearly N,(x*—3ax—ab)=1 if and only if (#) =
P P
() = 1. Since v oo (a,0) = (vV=a) " 4 (—y/=a) "2 = 0 (mod p) and

_2 _L
@7%))/3((1, b) = 2(v=a)?" I = 2(—a)?" 3% (mod p) by (2.3), we see that the
result is true when p | b.
If p | > — 4a, then (@) =0%# — 1 and N,(x* — 3ax — ab) = 3#1 since x* —

3ax — ab = (x — b)(x + b/2)* (mod p). So the result is true when p | > — 4a.
Now assume that p}b(b*> — 4a). If the congruence x* — 3ax — ab = 0 (mod p) has
a solution x = x( (mod p), then clearly xo#0,—b/2, —b/3 (mod p) and

v

x* = 3ax — ab = (x — x0)(x* + xox + ab/xo)

=(x — xp) ((x —l—%)z—M) (mod p).

4X()
Observing that

x5 — 4ab/xy = (x; — 4ab)/xo = 3a(xo — b)/xo (mod p)

and
we obtain
(—3(b2 - 4a)) _ <3a(x0 - b)) <xo>
p p p
Hence

N,(x* = 3ax —ab) =2 + (W) =2+ (w).

So N,(x* —3ax —ab) = 1 implies that (@) =—1.
Now suppose (w) = —1. Then (b%#) = —(3) = —(5. By the above,
N,(x* — 3ax — ab) = 1 if and only if N,(x* — 3ax — ab) >0. Let v, = v,(a,b). Using
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Lemma 2.1(i) and Fermat’s little theorem we see that

(“@7%))/3%#(%»/3)3 3. “wé))/%wz(‘g’»/z
= 7(%(%2(%’) + 3"%2(%))/3“%2(’5’))/3) - 3a1+@7(§>>/30@+2(§))/3
= a17(5)0p+2(/%) = alH%)Up_z(b?_m) (mod p).
: Z
Set & = (%). It is easily seen that
S i - @y @ Dpe-
Thus applying Lemma 2.1(ii) we obtain
Up2p = bz; @ g 1+)2 pg(1-0)/2 _ @ . 01(""”/2([)2 —2a) =a b (mod p).
So we have
(a@—%))/avwz(%)m)s 3. “(p—(§))/3”<p+z<§>)/3 = a0, s, = ab (mod p).

24 . .
Hence x = ¢?~3) mod p) is a solution of the congruence x* — 3ax —

/3
Dpsadys
ab =0 (mod p). This shows that N,(x* — 3ax — ab)>0 and so N,(x* — 3ax — ab) =
1.
1

— a5
Let y =aB Vb

" Using Lemma 2.1 we see that
3

o-@y3 t @)

3l -G p 1 1+
[ By o (B - 24)) =347y + &P (bP — 2a) (mod p).

It then follows that y#a (mod p) since ptab. So we have

ab \* ab ab 3 ) 2,12
= f3a~y —ab=— (y’ —3a’y —a”(b” — 2a)) = 0 (mod p).
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Since N,(x* — 3ax — ab) = 1 we must have

r-® b
a3 Oy alys = by

b

-&)/3

This completes the proof. [

Theorem 2.1. Let p>3 be a prime, a,beZ, pta and (M) = —1, and let x(a,b)
denote the unique solution of the congruence x* — 3ax — ab = 0 (mod p). Then
&
(a,p) = (7 R '(=bx2(a, b) + 2ax(a, b) + 2ab) (mod p)
up__g) a, Sy a x~(a, ax(a, a D
3

and

by @) = (4)d T ) - 20) (mod ).

3

Proof. Let u, = u,(a,b) and v, = v,(a,b). From Lemma 2.2 we know that

L»H"ts

P;U b
x(a,b) =a Yor28)/3 = g/l

1 (mod p).
Yo-&ns3 ~

Thus,

=48 <1 + @ b)) = cfg]*l(xz(a, b) — 2a) (mod p).

It is easy to verify that
(b2 —da)u, = 2v,41 — bv, = bv, — 2av,-1.
So we have
2 _an (P — -Gy
(b" = 4a) (3) U @y = b0 @y T 20T ol (2:5)

From this and the above we obtain

L P e —O)2--O)
U, o = (3) (—a b(x*(a,b) — 2a) +24""~G 3Bx(a,b))
3
_ 1 4 2
_m<§> (—=bx*(a,b) + 2ax(a,b) + 2ab) (mod p).
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To complete the proof, we note that

P p
r=(3) p-1 =)
a5 =y e (g)a - (mod p). O (2.6)

Corollary 2.1. Let p>3 be a prime, a,be”Z, pta and (_3<b;_4”>) = —1. Then

(a7 35 (mod p) i p|b? 2,
up_ E)(CL b) = » o
= i (529a"= 5 (a,b) (mod p) if ptb® — 2a

and

2(2)a” 3¢ (mod p) if plb,

l)p)

(P = { (r—&)/6-1
3 (@)a’ '3 y(a,b) (mod p) if ptb,

where t(a,b) (mod p) is the unique solution of the congruence t* + 3a*(b* — 4a)t +
a*b(b* — 4a)* = 0 (mod p), and y(a, b) (mod p) is the unique solution of the congruence
y? =3’y — i®(b* — 2a) = 0 (mod p).

Proof. Let x(a,b) (mod p) denote the unique solution of the congruence x* — 3ax —
ab =0 (mod p), and t = —bx*(a,b) + 2ax(a,b) + 2ab. Using the fact that x*(a,b) =
3ax(a,b) +ab (modp) one can easily check that 72 —3d't —d'b' =0 (modp),
where @ = —a?(b* —4a) and b = b(b*> — 4a). Since ptd' and b? —4a = (b> —
2a)*(b* — 4a), using Lemma 2.2 we see that N,(x’ —3d'x —da'b') =1 provided
ptb> — 2a. Hence, if ptb*> —2a we have t = t(a,b) (mod p). So, by Theorem 2.1
and (2.6),

_ 1 P 1 (=3a)\ 25
ty () = LA —ag) (e =5, <p)” ¢ ta,b)(modp).

3

If p|b* —2a, then clearly x(a,b) = —b(modp) and (5%) = —(57). Hence, by
Theorem 2.1, (2.6) and the fact that b> — 4a = —b* (mod p) we have

2\ )
—<7>a 6 b (modp).

B 1 f4 3
ulL@(a, b) = M(g)(_b )
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If p | b, then clearly x(a,b) = 0 (mod p) and (%‘1) = —1. By Theorem 2.1 and (2.6)
we get
—[E]—l 3 177_%
vp7(1§>>(a,b) =a B3 . (=2a)=2(=]a 6 (modp).

3

If ptb, then N,(x* —3a’x — a*(b* — 2a)) = 1 by Lemma 2.2. From the proof of
Lemma 2.2 we know that y = a[p/3]“v(p_(g))/3(a, b) satisfies the congruence y* =
3

3a’y + a*(b* — 2a) (mod p). Thus y = y(a,b) (mod p) and hence Dy_y3(@ D) =
8))/2
a PP-1y(a,b) = (—)a(”f(%))/éfly(a,b) (mod p). This completes the proof. [

a
P

For given positive integer p let D, be the set of those rational numbers whose
denominator is prime to p. When 34p, in [15] the author defined

Ci(p)= {k‘ (W%ZG)) =o', ker} for i=0,1,2, (2.7)
3

where ()5 is the cubic Jacobi symbol.
According to [15], if keD,, then ke Co(p)uCi(p)uCs(p) if and only if the
numerator of k% + 3 is prime to p, and ke C;(p) if and only if —ke Ci(p). Also,

from Theorem 6.1 of [15] we have

Theorem 2.2. Let p>3 be a prime, a,beD,, pta, (@) =1 and k* = -3(b* -
4a) (mod p). Then

0 (mod p) if 3b/ke Co(p),
u’%@(a’ " { + k(29a7 0 (modp) if +3b/keCi(p)
and
e = {2(;*—,>a<ﬂ<’5>>/6 (modp) if 3b/keCol(p),
T a9 (modp) if 3b/ke Col).

Proof. If p|b, then (5%) = (*73) (w) = (4). Clearly we have
s -3
(a.b) = 1 b+ Vb —4a\ > [b— Vb —4a) ’ — 0 (mod p)
u";@ o= b> —4a 2 2 B oer
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and
(p

<b+\/b2 4a> <b N/ 4a>_

<0

P
3

<

v

]
wl"ﬁ

2
= 2(v/=a) P~ = o (_q)-@)6 _ 26) a?= &)/ (mod p).

Since 0€ Cy( p ) by Sun [15, Proposition 2.1], we see that 3b/ke Cy(p ). So the result
holds when p | b.

If ptb, it follows from [15, Proposition 2.2] that 3b/keC;(p) if and only if
—k/be Ci(p). Notice that

—ik = ﬁ%(modp), (—1)[157] = <_p3> and a3 = C)a@@)/(’ (mod p)

by (2.6). Putting s = —k in [15, Theorem 6.1] we obtain the result. [
Lemma 2.3. Letp>3 be a prime, ay,ay,az €7, a = (af — 3a2)3, b= —2a% + 9aia, —
27a3z and D = ala2 4a2 4a%a3 - 27a§ + 18ayaras;. Then

(i) »* —4a = -27D.
(i) If pta —3ay and X = (a} — 3a2)(3x + a1), then X* + a\x* + apx + a3 = (X —
3aX — ab)/(27a) and so N,(x* + a\x* + a,x + a3) = N,(x* — 3ax — ab).
(iii) N,(x* +a1x* + arxx +a3) = 1 if and only lf(%) =—1.

Proof. One can easily check that 5> — 4a = —27D. So (i) holds.
Now consider (ii). It is clear that

X4 ax x4 a = 3 ((3x + a)® — 3(a} — 3a2)(3x +ay) — b). (2.8)

Thus, if pta? — 3a; and X = (a} — 3a2)(3x + a1), we have

1
X+ a1 X+ arx + a3 ZE(X3—3aX—ab).

Hence N,(x3 + a1x? + a»x + a3) = N,(x* — 3ax — ab). This proves (ii).
Finally consider (iii). If pta} — 3a,, using Lemma 2.2 and the above we see that

N,(x* + a1x* + axx + a3) = N,(x* — 3ax — ab) = 1

-(0)- (274 -
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If p| a} — 3ay, it follows from (2.8) that N,(x* + a1 x> + axx + a3) = N,(x* — b). But,

—3(p? —
N,(x* —=b)=1 = ptb and p=2(mod3) <= (?) = (w) =—1.
So N,(x* + a1x* + a»x + a3) = 1 if and only 1f( ) = —1. This proves (iii) and hence
the proof is complete. [

Theorem 2.3. Let p>3 be a prime, ai,a,a3€Z, a = (a% — 3a2)3, b= —Za% +9a1a; —

»
27as, ptab(b® —d4a) and xo=((a} - 3ay)"Fv Ul j3(a;b) —ar). Then the con-

gruence x> + ajx* + axx + a3 = 0 (mod p) has one and only one solution if and only if
x = xo (mod p) is a solution of the congruence.

74 74 74
Proof. Let X, = a<p_(3))/3v(p+2(1_7))/3(a, b). Since a? 3 = (&} —3ay) -6 =
3

(@ — 3a,)"~® (mod :
: ) mod p) we see that

o

Xo = (& = 3a2)"” s(a,b) = (a — 3a2)(3x0 + a1) (mod p).

P23

Applying Lemma 2.3 we get

xg + alx(z) +arxg +az = XO3 — 3aXy — ab) (mod p).

1
774 ¢

If (%) = —1, then (y) = (3) = —1 since b* — 4a = —27D. In view of Lemma
2.2 we have X§ — 3aXy —ab =0 (mod p). So x} + a1x} + axxp + a3 = 0 (mod p) by
the above.

If (2) = 1, then (biém)) = () = 1. Suppose k> = —3(b* — 4a) (mod p) for ke Z.
From (2.5) and Theorem 2.2 we see that

-Gy
20730y (0 0)

(2 4
_ 4a)<3)u(p_<1§)) s(@b) +bu, g (a.5)

2(2)a?~ /b (mod p) if ¥eCy(p),

(k= b)©a? 6/ (modp) if +¥eCi(p).

Observing that @ = (¢ — 3a,)” and so

P 23 ? 2
@awawﬁ _ (“1 - az) (@ = 3a2)" " = (@ = 30)1" 82 (mod p)
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we then get
2~ 3a,)397'h (mod if 3eC
IR S o 29)
m b (@2 —3a,)3 7" (mod p) if +32eCi(p).
Thus
P
Xy = (& = 3a) <>(p+2() (a,b)=b or (+k—b)/2(modp).

From this one can easily check that X§ — 3aXy = b* — 3ab (mod p) and so X; —
3aXy — ab = b(h* — 4a)#0 (mod p). Hence xj + a1x3 + axxo + a3 #0 (mod p).

By the above, (3) = —1 if and only if xj + a1x} + axxo + a3 = 0 (mod p). This
together with Lemma 2.3(iii) yields the result. [

3. Congruences for the third-order recurring sequences

Let p>3 be a prime, and a;,a;,a3€Z. In this section we will determine
Spt1sSp42, Up—2, Up—1, Uy, (mod p), where {s,} and {u,} are the third-order recurring
sequences defined as below.

Definition 3.1. For a;,a;,a3€7Z define the third-order linear recursive sequences
{un(ar,a2,a3)} and {sy(a1,a,a3)} by

ur=u1 =0, u=1, w3+ aiuy o+ a1 +azu, =0 (n=> —2)
and
2
So=3, s1=-ai, S2=a;—2a, Sp3+ @S2+ @Spr1 +azs, =0 (n=0).

Let {s,} and {u,} be given by the above, and let x*+4 a;x*> + arx + a3 =
(x — x1)(x — x2)(x — x3). Then clearly

3 3 3 3
n+3 n+2 n+l1 n
E X; Tt a E X; Tt a E X; tas E X;
i=1 i=1 i=1 i=1

- Z X (x] + arx} + axx; + as) = 0.

i1
Since x! +x9 +x3 =3, x; + x2 + x3 = —a; and

XX = (x X+ x3)2 = 2(X1X2 + X103 + X2X3) = at —2ay,
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we see that
sp =X+ X5+ x5 (n=0). (3.1)

From this and [16] we have

Z Sk = nty, and s, = —(a1uy—1 + 2a0u, 3 + 3azuy,_3). (3.2)
k=1
Lemma 3.1. Let p>3 be a prime, ay,ax,az€Z, a = (a} — 3a2)3, b= —2a} +9aja; —

27a3, and let s, = sy(ay,az,a3). Then

a 1,, H_(%)
Spil = ?—Fg(al —3m) 2 v 7(§)(a, b) (mod p)

and

Proof. Let x|, x; and x3 be the three roots of the equation X H+ax+ax+ay =
0. Then s, = x] + x5 + x5 (n=0) by (3.1). For i=1,2,3 set y; =3x; +a;. Then
y1, ¥2 and y3 are the roots of the equation y* — 3(a? — 3a;)y — b = 0 by (2.8), and

1 n n n
sp=xX{+ g+ =g {0 —a)" + 02 —a) + s — @)}

Since y;, y» and y; are algebraic integers we see that
vi—a) =y —d =) —a; (modp) fori=1,2,3.
Hence, for i = 1,2,3 we have
i —a)™ = (i —a)0f —a) =" = apf — i+ ai (mod p)
and
i = @) =07 = 2y + @) (0] — ar)

=" 2a P + iy — ayy? + 2d2y; — @ (mod p).
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Observing that

yi+n+y3=0, Y+ +y5= i +y2+ ) =0(modp)

and

VA4 =014y +3) =22 4+ 21y 4 02p3)

=0-2-(=3(aj — 3a)) = 6(a] — 3a2),
by the above we get
: 1
Sp+l = 3p0T Z yi—a)t
%,
Z AR Zyp—al Zy,+3a1>
yp+1

A4 4 3a7) (mod p)

\DI»—‘ o —

and so

1 3
Spia = 37 Z _ al 17+2
! . 2 !
== Z P = 2a)" @y — ary? 4 2aly; — ad)
Eﬁ( L L 24195, — 3a) — 6ay (- 3ay) — 3a))

1
7 O 1572 4457 = 18ays,yyy + 18ayay — 3a3) (mod p).

Lett=(b+ Vb2 —4a)/2andu= (b—Vb>—4a)/2. Thent+u=band tu=a =
— 4 (=3(a} — 3a))’. From the theory of cubic equations we know that /7w* +

Juw® (k = 0,1,2) are the three roots of the equation y* — 3(a? — 3a2)y — b = 0. So,
by the above,

—

1 2
SpH1 =75 ypH +57! +y”“ +3a}) = % ) Z (V1" + Vuw™)P ™ (mod p)
k=0
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and
1 2 2
Spi2 = 7 Z (\‘/?wk + \3/56021‘)"’+ — 18aysy41 + 18aja; — 3a% (mod p).
k=0

Since v/, v/tw, /tw?, /u, /uw, /uw?* are the roots of the equation x® — bx> +a =0,
we see that they are all algebraic integers. Hence,

(V1" + Juw™ )"
= (Vi + V) (Vo) + (Juo™))
— (%)PH k(p+1) 4 (\/—)pﬂ U p+1)
+ V(Y)Y 4 (V) ™ (7D) (mod p)

and

(Vi + Vi
= (Viok 4+ fu (Vi + (YY)
— (VP2 D) L2V o + (VY () 2k )
T+ (VPP o™ 7 2V af o 4 (Vay o™ P (mod p).

Observing that V/iu = y/a = a} — 3a, " + u" = vy(a,b) and 1 + o + v = 0, by the
above we obtain

2

Z (G/Zwk—l—\}/z;w%)pﬁ

k=0
= (VO + (V) (1 + o 4+ ?)
+ (af = 3a) (VO + (V) (1 + 0+ o)
= 3(a} = 3a) O (Fay~0) + ()

= 3(c - 3ar) 1Ty 0, ¢(a.b) (modp)

3
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and

2

Z \/_(,U _|_\/_w2k)P+2

k=0
= Z {(VP Pkt 4 () e (r+D)
0
+ ( 3 lu)z((\s/a)p—zwk(zpﬂ) + (\3/2)1)_261)/(( p+l))}

74

= 3(a} = 3a2) "W + (Vay )

— 3(? — 3ay)" @ b) (mod
(@ ~30) e (@.b) (mod p).
3

Therefore

w |_Q.\)

Spr1 =
’ 9

2

_Z \/‘w +\/‘w2kp+1
k=0

144

(a% — 3a2)Tvp_% (a,b) (mod p)

w| ],
W —

+
3

and so

Sp42

1 (2
2(2 (V1" + Vuw™ )P — 18aysy1 + 18ajar — 3a%>

k=0

D
(a% — 3a2)17<3)

o —

Uil (a,b) — 2a(a} — 3a2)Tvp_1% (a,b)

3 3

+ 6aja; — 3a; p (mod p).

This completes the proof. [

Now we can prove

Theorem 3.1. Let p>3 be a prime, aj,ar,a3€Z, a= (a% - 3a2)3, b= —2a?+
9ayay — 27a3, D = — % (b? — 4a) = atd3 — 4a2 4a?a3 - 27a§ + 18ayapas, and s, =
sn(ar,az,a3). Then

(i) s, = —a; (mod p).
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(i) If (%) = —1 and so X* + a1 x* + ayx + a3 = 0 (mod p) for some integer x, then
Spi1 = 3x7 + 2a1x + 2a; (mod p)  and  sp.2 = —2a1x* — (@t + @)X — @ya; (mod p).

(iii) If(pQ) =0 or 1 and so d*> = D (mod p) for some deZ, then

. Jai—2a(modp) if p| D or 5 eColp),
"7 @ (mod p) if p4D and L¢ Co( p)

and

—a} + 3aja; — 3a; (modp)  if p|D or & eCo(p),

Spin = N +d—aja; + 3as3) (modp) if ptaD and +LeCy(p),

+2
s(—ai + pr) (mod p) if pla and ptD.

Proof. Suppose x> +ax> +ayx + a3 = (x — x1)(x — x2)(x — x3). From (3.1) we
know that s, = x| + x5 4+ x4 for n>0. Since xi, x», x3 are all algebraic integers and
X1 + X2 + x3 = —a; we see that

sp=x+xX¥+x=(x1+x+x3) =(—a1)’ = —a; (mod p).
This proves (i).
Now consider (ii). Suppose (%) = —1. Then N,(x*+ax* +ax+a3) =1 by
Lemma 2.3. Let x be an integer such that x* + a;x*> + a,x + a3 = 0 (mod p). We
: 2 3,)1+5)2
claim that (a7 — 3az)" ™3 U(P*(%))ﬂ(

and X = (a} —3a)(3x +a;), then X° —3aX —ab=0(modp) by Lemma 2.3.
Using Theorem 2.1 we see that

a,b) = 9x* + 6a,x — a} + 6a; (mod p). If pta

, 1+
(@) =3a2) 2 v, gy5(a)
1+5) -6
= (a} — 3ay) 2 -G)a & (X2 - 2a)
1+4) -5-&)

= (& —3a) 2 (& —3a)" 2 ((a} =3a)*Bx+a)) —2(a} — 3ar)")
= (Bx+ a1)2 — Z(af —3ay) = 9x% + 6a;x — af + 6a; (mod p).

If p | a, then v,(a,b) = b" (mod p) by (2.3). Since (§) = () = —(=3/P) = —(bz;—“ﬂ) —

—(%7) = —1 we find p =2 (mod 3). Using (2.8) we see that (3x +a;)’ = b (mod p)
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-1 .
and hence x = (b 3 —a;)/3 (mod p). From this we get
9x? + 6a;x — af + 6a,

=9x? + 6a,x + 3a

2p—1

pol
=b3 —a)4+2a(b 3 —a)+3a

=2 prl
b3 =v(p1)53(a,b) (mod p).

Il
>
(98]
Il

So the claim is also true when p | a.
Now, by the claim and Lemma 3.1 we have

74

Sp+1 E%(a% + (a7 — 3a2)TU(p7(§))/3 (a,b))

_
+
-

2255

E%(a% +9x + 6a1x — @] + 6a3) = 3x* 4 2a;x + 2a; (mod p).
On the other hand, if p}a, it follows from Lemma 2.2 that

1— P
(a% - 3612) (3)vp+2(§) (a, b)
3

(@ —3a)"0 .o (-Oy

T3S

?
(a} — 3a2)17( )=(r=(3)). (a} —3ax)(3x + a1)

= (& — 3a2)(3x + a;) (mod p).

This is also true when p | a since p = 2 (mod 3). So, by Lemma 3.1 and the above we
get

»
spr2 =s{(ai = 3@)"" v p (a,b)

P23

<

DI L

1+@3)
— 2a)(a} — 3ay) "2 vpf(g>(a, b) + 6aja; — 3a}
3

3
E%{(Cl% —3a2)(3x + a1) — 241 (9% + 6a1x — @} + 6ay) + 6aya; — 3a}}

= — Qa;X* + (&} + ay)x + a1ay) (mod p).

This proves (ii).
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Let us consider (iii). Suppose d*> = D (modp) for deZ. If p|D, then b*=
4a (mod p) and so (5) =0 or 1 since b*> — 4a = —27D. Using (2.3) we see that

vu(a,b) =2 (g) '

(%)Mfl)ﬁb =a""V/2b (modp) if 24n,
282y = 24" (mod p) if 2| n.

Thus, by Lemma 3.1 we have

1 R
Spr1 =3 at 4 (at —3a) 2 -2a 6

1 ptl
=3 (@l +2(a] = 3a) 7)

3
(af +2(a — 3ay) G)) = a} — 2a; (mod p)

and

+§ -6 ) 4

— 2a\(a} —3ax) 2 -2a 6 }+%
1 s ) =l ] 3
:§(b —4a(a; —3a2))(a; — 3az) 2 + 5(2a1a2 —ay)

1 a
Eg{(—Za*? + Taya; — 9a3) (E) + 2a1a; — a?}

= —a + 3aja; — 3a; (mod p).

(noting that p|b when p|a).

If pla and piD, then ()= () =L = (=) =()=1 and so p=

1 (mod 3). Since v,(a,b) = b" (mod p) by (2.3), it follows from Lemma 3.1 that
Syt = a4 (@ — 3 b =
Pl =314 + (a1 az)v,%](a, )} =
and

p+2
$pe2 = Mupa(a,b) + 6may —3ai} =465 —a}) (mod p).
3
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If ptaD, then (&)°+3=2322 =440 (modp). Thus, b/(3d)eCo(p)u

C1(p)u Ca(p). Since (9d)* = 81D = —3(b2 — 4a) (mod p) we see that (73(1)274")) =1
P
14 =) 34 p+1
Noting that (@} —3a2)""@*(9)a & = (“=22)(a} ~342) 2 = @} — 3a; (mod p)

and then applying Theorem 2.2 we get

1+ { 2@ = 3ay) (mod p)  if LeCo(p),

1-3aw) 7 b
(a1 = 3a2) ”p}%’ (5= —(@? = 3a2) (mod p)  if ¢ Co(p).

So, by Lemma 3.1 we have

Hat +2(a} — 3ax)} = a} — 2a, (mod p)  if £eCy(p),
Sp41 =
T el - (@ - 3@)) = @ (mod p) if 47¢ Co(p)-

On the other hand, putting k = 9d in (2.9) we find

2~ 343 "p (mod if LeC

(a7 — 3ay) (mod p) if e Co(p),
p
by

Upiad) (a,b) =

3

i9§l b(

@ —3a)5 (mod p) if +LeCi(p).

Thus, by the above and Lemma 3.1 we obtain

1 L
sp2 =gl(at = 3) Vo0 (@ 0)
3
1+
— 2a4 (a% — 3a2)Tvp_ » (a,b) + 6aya; — 3a1}
_3
3
[ #{b—2a;-2(a} —3a2) + 6a1a; — 3ai} (mod p)  if e Co(p),
| ML 4 200 (aF — 3a) + 6a1ay — 3ai} (mod p) if £LeCi(p)

B _a% —+ 3a1a2 — 3a3 (modp) if [ ECO( )
20036 (104 p) if igecl(p)'

This completes the proof. [

Lemma 3.2. For aj,ay,as€Z let D = a1a2 4a2 4a%a3 — 27a% + 18aymas, u, =
un(ar, az,az) and s, = sy(a1, a2, a3).
(1) For n= — 2 we have

Du, = (2af — 6a2)Sp1a + (2a‘? —Tayay + 9a3)sp+3 + (afaz — 4a§ + 3a1a3)sp42.
(i1) For n= — 1 we have

Du, = 9a; — a1az)su43 + (—a%ag + 2a§ + 3aia3)sps2 + (—2afa3 + 6a2a3)Sp11-
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(ii1) For n=0 we have

Du, = (2a§ — 6a1a3)Sy42 + (alaﬁ — 2a%a3 —3ara3)sp21 + (raxas; — 9a§)sn.

Proof. For n> — 2 let U, = Du,, and
U = (2a} — 6a3)spia + (2a; — Tajas +9a3)sps3 + (@iay — 43 + 3a1a3)s,12-
Then clearly
Uiz +a1Upyz +a2Uyy ) +a3U, =0 and
Uy s+alU, ,+aU,.  +aU =0.
Since

2
ur=u1=0, u=1, s=3, s1=—ai, s =a —2a,

$3 = —a% +3a1a; — 3a; and 54 = a? - 4afa2 + 2a§ + 4dayas,
one can easily verify the following facts:
U,=0=U, U,=0=U,, U)=D=U,.

So U, = U, for n= — 2. This proves (i).

Now consider (ii). Since $,14 = —(@18y43 + @2Sps2 + @38,41), replacing s,.4 by
—(a18p43 + @2Sp2 + azsyrr) in (1) we get (ii).
Part (iii) follows from (ii) and the fact that 5,13 = —(@18y42 + @28p1 + azs,). O

Theorem 3.2. Let p>3 be a prime, aj,az,az€Z, a = (a3 — 3a2)3, b= —2a} +9aja; —

27a3 and D = a3d3 — 4a3 — 4aiay — 27d3 + 18a1axa3 0 (mod p). Then
)
() up_2(ar, a2, a3) = 3(3ay — a3)"T3 2y a,b) (mod p).

(if) If (2) = —1, then

@4{%»/3(

—3b/(at —3a)* (modp) if p|b* —2a,

tp-2(a, a2, a3) = {x(modp) if ptb* —2a,

where x (mod p) is the unique solution of the congruence Dx> — (a% — 3a))*x + b=
0 (mod p).
(iii) I (B) = 1 and so d* = D (mod p) for some integer d, then

0 (mod p) if pla or 5eCo(p),
+972% (mod p) if +&eCi(p).

up72(a17a2aa3) = {
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Proof. Let s, = s,(ai, a2, a3) and v, = v,(a,b). It follows from Lemma 3.2 that
up—>(ay, az,az)
1
= 5{2(61% —3a)sp12 + (243 — Tarar +9a3)sp1 + (alar — 45 + 3araz)s,}. (3.3)

Since b* —4a = —27D and s, = —a; (mod p) by Theorem 3.1, using (3.3), Lemma
3.1 and (2.5) we obtain

1 ) 2 ® s G
up_s(ay, as, az) =5D 2(a; — 3ay)” 3 Uyl ~ (a7 — 3ay) 2 bvp_(g)
3 3

This proves (i).

Now consider (ii). Suppose (%) = —1. Since a = (a} — 3a2)3 it is easy to see that
48 3\ &
(Bay —a}) 2 - (Ta) a6 =—(a —3a) (modp). (3.4)

If p | b*> — 2a, then ptab since b> — 4a = —27D #0 (mod p). From (i), Corollary 2.1
and (3.4) we see that

P

) —3a\ =B
up—2(ar,az,a3) =3(3a, — )2 (Ta>a T

3b
= - @1272 (mod p).

[ —3a)
If pta(b® — 2a), by (i), Corollary 2.1 and (3.4) we have

up72(a1 ,a2,a3)

» r—3)
=3(3ay —ap)!"2. (—)a & '(b? — 4a) ' 1(a,b)

3t(a,b) B t(a,b)
(@3 —3ay)* (B> —4a)  9D(a? — 3a,)’

(mod p),
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where #(a,b) (mod p) is the unique solution of the congruence #* + 3a*(b*> — 4a)t +
a®b(b* — 4a)* = 0 (mod p). Let 1 = 9D(a} — 3az)*x. Using the fact that b — 4a =
—27D we find 7+ 3a*(b? — 4a)t + a*b(b* — 4a)* = (27aD)*(Dx* — (a3 — 3ar)*x +
b).So z = t(a,b)/(9D(d? — 3ay)*) = up_>(ay, as,az) (mod p) is the unique solution of
the congruence Dx* — (a3 — 3a5)*x + b = 0 (mod p).

If pla, then ptb and (2) = () = —(-22) — —(F=4) — _(¥) — _1. So p=

2 (mod 3) and hence N,(Dx? — (a} — 3ay)*x + b) = N,(Dx? +b) = 1. From (i) and
the fact that * — 4a = b2 (mod p) we see that

b—b =
(%)

b+b o
+ 3
up_a(ay, az,az) =3upyi(a,b) = %{ < 3 )
3
This together with the fact that 27D = 4a — b> = —b* (mod p) yields
-2
D(u, »(ay,az,a3))’ + b = D(3pr)3 +b=b—-1 =0 (modp).

p=2
=3bh3 (modp).

So x=u, »(ai,a»,a3) (modp) is also the unique solution of the congruence
Dx* — (a? —3ay)*x 4+ b = 0 (mod p) when p | a.

By the above, (ii) is true. Now consider (iii). Suppose ( ) =1and d*> = D (mod p).
Since b2 —4a = —27D we have (9d)> = 81D = —3(h* — 4a) (mod p). If p|a, then
§) =) = FL) = (5% = (2) = land so p = 1 (mod 3). Thus u, »(a1,a,a3) =
0 (mod p) by (i). If p}a, using (i), (3.4) and taking k = 9d in Theorem 2.2 we get

MP,Z(LH , a2, 613)

— _ 0+
= 3(3(12 al) 3 u(p_<%))/3(a, b)

0 (mod p) if £ eCo(p),
= 1+5) -6

3(3a, _a%)T._iz_%(%“)aT = J_r“'j"z (modp) if +2&eCi(p).

This proves (iii) and hence the proof is complete.
Using Lemma 3.2 and Theorem 3.1 one can easily prove

Theorem 3.3. Letp>3 be a prime, a\,ay,az €7, a = (a? — 3a2)3, b= —2a? + 9aa, —
27a3 and D = aias — 4a3 — dajas — 2743 + 18ayara; #0 (mod p).
(i) If (2) = —1, then

2

1
up_1(ai,a,as) E*{(*Q%QQ + 6a§ —9aja3)x” — (a?az - Salag + 3a%a3 + 9aaz)x

— a4 az + 4a2 + 243 143 — 9aiazaz} (mod p)



Z.-H. Sun | Journal of Number Theory 102 (2003) 41-89

and
1

D
+ a%a2a3 + 9a1a_% — 6a§a3} (mod p),

up(a, ar,a3) = {(—alag + 6a%a3 — 9a2a3)x2 + (—2a§ + 2a';’a3)x

65

where x (mod p) is the unique solution of the congruence x* + aix*+ arx + a3 =

0 (mod p).
(i) If (3) =1 and so d* = D (mod p) for some integer d, then
1
b3 (modp) if pla
up-1(ar,az,a3) = {1 (mod p) if 2,eCo(p),

—d+ (9a3—ayaz)

s (mod p)  if +4eCi(p)
and

p—1
—4(1+2b3)(modp) if pla,

up(ar, az, az) = —al (mod p) if LeCy(p),
+ S (mod p) i +4eCi(p).

From Theorems 3.1-3.3 we have the following result.

Theorem 3.4. For given integer k let p>3 be a prime such that p}k*> + 3. Then

~ [0 (modp) if ke Co(p),
(a) Llpfz(—?)k, —9, 3k) = {1%1 (modp) lf‘ ikecl(p)7
(b)  wu,—1(—3k,—9,3k) = { 1 (lmodp) lf kel
5= (modp) if +keCi(p),
©) (=3, —9, 3k) = { ]:(modp) zf ke Co(p),
=3 (modp) if £keCi(p),

9%k% 4+ 18 (mod p) if ke Co(p),

d 3k,—9,3k) =
(d)  spei(— { 9 (mod p) if +keCi(p),

27k3 + 72k (mod p) if keCo(p),

3k, —9,3k) =
() spia(=3k, =9, {i (k?+3) — 9% (modp) if +keCi(p).
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Proof. Let a; = —3k, a = —9 and a3 = 3k. Then

at —3ay = 9(k* +3), —2a} +9aja; — 27ay = 54k(k* + 3),

B — 4a3 — ddias — 273 + 18a1aza; = (18(k* + 3))*.
So the result follows immediately from Theorems 3.1-3.3. [

Corollary 3.1. Let p be a prime greater than 3. Then

O(modp) if p=+1(mod9),
(@) up—2(-3,-9,3) = ’%l(modp) if p=+4(mod9),
5= (modp) if p= +2(mod9),

Il (modp) if p=+1(mod9),
L-(modp) if p=+2,+4(mod9),

3(modp) if p=+1(mod9),
©) uy(=3,-9,3) =< 22 (modp) if p= +4(mod9),
1’73(m0dp) if p=+2(mod9),

|27 (modp) if p=+£1
(d) Sp+1(737 *973) = { -9 (modp) lf P = iz, i4 (mod 9)

Proof. Let (2); be the cubic Jacobi symbol. It is well known that [15, (1.1)] (f)3 =
w1-Gn3 g,

if p=+1(mod9),

1

Li1an e’ 2 20-Bp)
(u) :< w) _ (9) —w 3 ={ o ifp=+4(mod9),
p 3 p 3 P/3 2 1fp£ i2(m0d9)

Therefore,
1eCo(p) < p=+1(mod9), 1eCi(p) < p=+4(mod9)

and
—1eC(p) = leC(p) = p=+2(mod9).

Now putting £ = 1 in Theorem 3.4 we get the result. [
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Inspired by Theorem 3.4, we now introduce new types of pseudoprimes.

Definition 3.2. Let a;,a»,a; be integers such that D = a?a3 — 4a3 — 4ajaz — 27d3 +
18a1aza3 = d* for some integer d. If p is composite prime to 64 and the congruence
in Theorem 3.2(iii) holds, we say that p is a u,_»(a1, a2, a3) pseudoprime. Similarly,
we may define s,.1(a1,a2,a3),8p42(a1,a2,a3),up—1(ar,a2,a3) and wu,(ay,as,a3)
pseudoprimes according to Theorems 3.1 and 3.3. Let ke€Z, and let p be a
composite number prime to 6(k> +3). We say that p is a Up_2, Up_1, Uy OF Spyii
pseudoprime with parameter k if p satisfies the congruence (a), (b), (c), or (d) in
Theorem 3.4, respectively.

In the special case k = 1, a composite number p prime to 6 belongs to a new type
of pseudoprimes with parameter 1 if and only if one of the congruences in Corollary
3.1 is true for p.

According to the computations with computer, we list u,_», u,_1, Uy, Spi1
pseudoprimes with parameter 1 up to 10° as follows:

u, > pseudoprimes : 49 = 7%, 3481 = 592, 16469 = 43 - 383.

u,_ pseudoprimes: 91 =7-13, 217 =7-31, 961 = 31%, 1681 = 41%,
19771 = 17 - 1163.

u, pseudoprimes : 1469 = 13- 113, 5041 = 71°.

sp+1 pseudoprimes : 121 = 112, 245=15-7%, 625 = 5% 6289 = 13- 331.

Here we make some comments on new types of pseudoprimes. For each type of
the above pseudoprimes, do there exist infinitely many such pseudoprimes? From the
search result we see that each type of the above pseudoprimes should be very rare,
and more less than Carmichael numbers or Lucas pseudoprimes (there are 16
Carmichael numbers and 25 Lucas pseudoprimes below 10°). Another observation is
that many of the above pseudoprimes are of the form ¢, where ¢ is an odd prime. Is
this true? How to interpret it?

Now we introduce another type of pseudoprimes.

Definition 3.3. Let m,a;,as, ..., a, be integers, and let {s,} be given by

So=m, S| =-—day, Sk= —(alsk_l + arSk—2 + - + aAp—15] +kak) (2<k<m),

Sutarsy—1 + -+ apSy-m =0 (n=m).

If p is an odd composite number such that 5, = —a; (mod p), we say that p is a s,
pseudoprime with parameters ai,as, ...,a,, or say that p is a s,(ai,...,dn)
pseudoprime.
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Let X" + a;x" ' + -+ + @, = (x — x1)---(x — x,,). By Newton’s formula (cf. [17])
we have s, = x| + -+ +x,, (n=0). Since x),x2, ..., x, are all algebraic integers,
using Fermat’s little theorem we see that if p is a prime, then

sp=xl+ - +xp=(x1 4+ +x,)" = (—a1)” = —a; (mod p).

So s,(ai, ...,an,) pseudoprimes are well defined.

For example, an odd composite number p is a s,(—3, -9, 3) pseudoprime if and
only if 5,(—3,-9,3) = 3 (mod p). All the s,(—3,—9,3) pseudoprimes below 50000
are  25=15% 289 =17 615=3-5-41, 2703 =3-17-53, 11951 =17-19-37,
41393 =11-53-71.

Clearly s(ay, ...,a,) pseudoprimes include pseudoprimes to base a and Lucas
pseudoprimes. For given integers a, ..., a, we conjecture that there are infinitely
many s(ay, ..., a,) pseudoprimes.

4. The cubic congruence x* + a;x> + ayx + a3 = 0 (mod p)

Let ay,ay,a3eZ. The discriminant D of the cubic polynomial x3 4 a;x> + arx +
as = (x — x1)(x — x2)(x — x3) is given by (cf. [17,12])

D= (x; —x2)*(x1 —x3)2 (2 — x3)” = @} — 4ad — dadaz — 272 + 18ayaraz.  (4.1)
When p>3 is a prime such that p } D, it follows from Lemma 2.3 that

Oor3 if (B)=1,

1 if (2)=—1. (*+2)

N,(X* +arx* + axx + a3) = {

This is a well-known result mentioned in Section 1.

Lemma 4.1. Let p>3 be a prime, ay,ay,a3€Z, and D = a%a% - 4a§ - 4a?a3 — 27a§ +
18ajazas = 0 (mod p). Then N,(x* + a1x*> + a»x + a3) = 3. Moreover,

a a a i 2
—% —% —5(modp) if plai —3a,
=3 _ aw—9as _ aw—9az _ aa—9a i 2 _
NF 2300 T Al 3wy A 3a) (modp) if pta; —3a

are the three solutions of the congruence x* + ajx*> + a;x + a3 = 0 (mod p).

Proof. Let a = (a} — 3a;)* and b = —2a3 +9ajay — 27a;. Then b* —4a = -27D =
0 (mod p) by Lemma 2.3.

If p | a? — 3ay, then p | @ and so p | b. Hence, by (2.8) we get x° + a1x* + arx + a3 =
(x +a;/3)’ (mod p). So the result holds in this case.
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If ptal —3ay, clearly X3 —3aX —ab =0 (modp) has the three solutions X =
b,—b/2,—b/2 (mod p). So, using Lemma 2.3(ii) we see that

1 b 1 b 1 b (mod p)
), s —————a), s ———a
3\a? = 3a; )3 2(a3 — 3ar) V)3 2(a? = 3ay) ! P

are the three solutions of the congruence x* + a;x> + ayx + a3 =0 (mod p). To see
the result, we note that

1 b a - _a +a1a279a3
3 a%—3a2 b= : a%—3a2

X

and
l b a - aydy — 9613 0
3\ 2(a? —3a) y 2(a? = 3ay)

Lemma 4.2. Let p>3 be a prime, a;,a»,a3€7Z, a = (&> — 3a3)*, b = —2a3 + 9aya, —
27a3, D = a%a% - 4a3 - 4a*fa3 - 27a§ + 18ajaxas, and ptaD. Then Np(x3 +axt+
ax +a3) =3 if and only if there is an integer d such that d> = D (modp) and
b/(3d)e Cy(p), and N,(x* + a1x* + arx + a3) = 0 if and only if there is an integer d
such that d*> = D (mod p) and b/(3d) ¢ Cy( p).

Proof. In view of (4.2) we may assume (2) = 1 and > = D (mod p) (deZ). If p|b,
then 3a = 81D/4 (mod p) since b* — 4a = —27D. So we have (3) = 1 and therefore
N,(x* + a1x* + axx + a3) = Ny(x* — 3ax — ab) =3 by Lemma 2.3. On the other
hand, we have b/(3d) e Cy( p) since 0 Cy( p). So the result is true when p | b.

Now assume pth. Clearly (—9d)* = 81D = —3(b* — 4a) (mod p). So, using
Theorem 4.1 of [15] we find that

C e 30 —9d/beci(p),
Nl = 3ax “b)_{o it —9d/b¢ Colp).

Since  N,(x* 4+ a1x> + apx + a3) = N,(x* —3ax —ab) by Lemma 2.3 and
b/(3d)e Cy(p) if and only if —9d/be Cy(p) by Sun [15, Proposition 2.2], we
obtain

3 if b/(3d)e Co( p),

Ny(xX* + a1 X + axx + a3) = {0 if b/(3d)¢ Co(p).

This finishes the proof. [
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Now we can prove

Theorem 4.1. Let p>3 be a prime, ay,a»,az€Z and pta} — 3ay. Then N,(x* + a1 x* +
ax +az) =0 if and only if spi1(a1,ar,a3) = ax (mod p), and N,(x* + a1x* + arx +
a3) =3 if and only if spi1(a1,a2,a3) = a3 — 2a; (mod p).

Proof. Leta=(a}—3a)’, b=—2a} + 9a1a, —2Tas, D = —5(b* — da) = a3 — 4a3—
dajay — 27d3 + 18aazas, and s, = s,(ar, a2, a3). We show the result by considering the
following three cases.

Case 1: p| D. In this case N,(x* + ax> + arx + a3) =3 by Lemma 4.1. On the
other hand, using Theorem 3.1(iii) we see that 5,11 = @ — 2a; (mod p). So the result
is true when p | D.

Case 2: (9) = 1. Suppose d* =D (modp) for deZ. From Theorem 3.1 and
Lemma 4.2 we see that

Lo a3 —2ap (mod p) if N,(x* +a1x* + axx + a3) = 3,
s a; (mod p) if Ny(x* +a1x* + axx +az) = 0.

Case 3: (9)=—1. In this case we have N,(x’+ax’+ax+a;)=1 and

(w) = —1 by (4.2) and the fact that »*> — 4a = —27D. From Lemma 3.1 and
Corollary 2.1 we see that

1 2 2 l+—(3) a 1);@71 1 2 2 )
Sl =309 +(ay—3ax) 2 -(—)a 6 "y Eg{al + (a7 — 3az) "y} (mod p),

where yeZ satisfies the congruence y° —3a’y — a*(b*> —2a) =0 (modp). Since
pta(b* — 4a) we must have y# — a, 2a (mod p) and so 5,1 #£ar,a} — 2a; (mod p).
Summarizing the above we get the assertion. [

Corollary 4.1. Let p>3 be a prime, ai,ay,a3€Z, pta} — 3as and s, = s,(a1, az,a3). If
Spr1 = ap (mod p), then (%) =1 and (2sp42 +a1ar — 3a3)* = D (mod p), where

D = dla3 — 4a3 — dajas — 2743 + 18ayaxa3.

Proof. Let a = (a? — 3ay)’ and b = —2a’ + 9a,a; — 27a3. From Theorem 4.1 and
Lemma 4.1 we see that Np(x3 + a1 X+ ax + az) =0 and so ptD. It then follows
from Lemma 4.2 that there is an integer d such that d> = D (modp) and
b/(3d)¢ Co(p). Since (&)*+3 =032 —d4(0(modp) we see that b/(3d)e
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Ci(p)uC(p). Hence applying Theorem 3.1(ii) we get spi0 =3(+£d —ajar +
3az) (mod p) and so (25,42 + ajar — 3a3)* = (+d)* = D (mod p). This proves the
corollary. [

Lemma 4.3. Let aj,ay,a3, A, B, C,x,yeZ, x> + a;x* + ayx + a3 = 0 (mod p) and y =
Ax* + Bx + C (modp). If Ay —aAB+ ayA*> + B> — AC#0 (mod p) or (ajar —
a3)A3 — (a3 + a) A*B + 2a, AB* — B>#0 (mod p), then we have

‘= (B—aiA)y +a;AC — a3 A> — BC (mod p)
T Ay —amAB+ aAl+ B2 — AC p)-

Proof. If p|A4, then p}B and y=Bx+ C(modp). So x=(y— C)/B=(By—
BC)/B? (mod p). This shows that the result is true when p | 4.
Now assume ptA. It is easily seen that

(Ax 4+ ajA — B)y = (Ax + ajA — B)(Ax* + Bx + C)
=A*(x* + a;x*) + (a1 AB — B> + AC)x + aAC — BC

= — A*(asx + a3) + (@ AB — B> + AC)x + ajAC — BC
=(@1AB — B* + AC — ayA*)x + a1 AC — BC — a34* (mod p).
That is,
(Ay —ajAB+ B> — AC + ayA*)x = (B— aA)y + a1 AC — BC — azA> (mod p).
If Ay —aAB+ B> — AC + a,A*> = 0 (mod p), we must have y = (a¢; 4B — B> +

AC — ayA*)/A (mod p) and (B —ajA)y +aiAC — BC — a3A> = 0 (mod p) by the
above. So

(B—a1A)(a1AB — B> + AC — ayA*) + A(ayAC — BC — a3 4?)

= (aja; — a3 A — (& +a)A*B+2a,AB> — B =0 mod p).
1

This is a contradiction. Therefore Ay —a;AB+ B> — AC + ayA>#0 (mod p)
and hence x = ((B— a1A)y +a;AC — BC — a3A%)/(Ay — aiAB + ayA> + B> — AC)
(mod p). This completes the proof. [

Theorem 4.2. Let p>3 be a prime, a\,a>,a3€Z, and s, = s,(a1,az,a3). Then N,,(x3 +
ayx’> +ayx+a3) =1 if and only if Spt1 iaz,a% —2a; (mod p). Moreover, if
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Sp+1 Eaa, @i — 2a; (mod p), then the unique solution of the congruence x> + ayx*> +
ayx + a3 = 0 (mod p) is given by

_ —a1Sp1 + 2a1a0 — a3
= 2
38p+1 — 2a7 + 3az

B { —a;/3 (mod p) if p|b,

- (3s',2,Jrl — (a3 4 3a2)sp+1 + 2a}ar — 643 + 9ayas) /b (mod p) if ptb,

where b = f2a% +9a1a; — 27as.

Proof. Let a = (a? —3ay)’. If p|a, then & —2a, = a (mod p) and x* + a;x* +
ax + a3y =L ((3x +a1)’ — b) (mod p) by (2.8). Hence N, (x> + a1x? + arx + as) = |
if and only if p = 2 (mod 3) and p}b. Next, using Lemma 3.1 we see that

= a, (mod p) if p=1(mod3),
Sp+1 =

w8, WS,

+1
+lu(@b) = a +163 (modp) if p=2(mod3).
3

Thus,

Ny(x* +a;x* + axx +a3) =1 < p=2(mod3) and ptb < s5,.1%a (modp).

If p}a, using Theorem 4.1 and the fact that N,(x* + a1x? + a>x +a3) = 0,1 or 3 we
see that N,(x* 4+ ;x> + apx + a3) = 1 if and only if 5,11 #as, a} — 2a, (mod p).
Now assume S,41 #ay,a} — 2a; (mod p). Then N,,(x3 +a1x* +arx +a3) =1 by
the above. Applying Lemma 2.3 we find (9) = —1, where D = —,(b* — 4a). Let x be
an integer such that x* + a;x*> + a;x + a3 = 0 (mod p). By Theorem 3.1 we have
Sp+1 = 3x% + 2a1x + 2a; (mod p). Now putting 4 =3, B=2a; and C=2a, in
Lemma 4.3 we find (a1a2 — a3)A4° — (a? + a2)A*B + 2aiAB*> — B’ = b and so

—daiSp4+1 + 2ai1a; — 9a;
38p41 — 2a% + 3a;

X = (mod p) (4.3)

provided ptb. Since s,41 = 3x2 + 2a1x + 2a; (mod p) and X3 +a;x* +apx +a3 =
0 (mod p), one can also check that

2

Syl = (a% + 3a2)x2 + (Sajay — 9az)x + 4a% — 3aja; (mod p)

and so
3s12,+1 — (a% + 3az)sp11 + Za%az — 6a§ + 9ajas = bx (mod p).

Thus the result holds in the case p}b.
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When p|b, clearly pta since b*> —4a = —27D#0 (modp). By (2.8) we have
x = —ay /3 (mod p). Thus, applying Theorem 3.1 we find 5,11 = 3x? + 2a;x + 24 =
—ai/3 + 2a, (mod p) and so 3s,.1 — 247 + 3a, = —3(a — 3a2) #0 (mod p). Thus we
also have (4.3) by Lemma 4.3. This completes the proof. [l

Corollary 4.2. Let p>3 be a prime, a\,ar,a3€Z, and D = aia; — 4a3 — dajaz —
27a3 + 18ayaxas. Then (2) = —1 if and only if sy41(ar, a2, a3) #az, af — 2a; (mod p).

Proof. This is immediate from Lemma 2.3(iii)) and Theorem 4.2. [

Corollary 4.3. Let p>3 be a prime, a,ay,a3€Z, and s, = s,(a,ay,a3). If
Spr1 #Eaz, at — 2a; (mod p), then

—2als[2,+l + a?Serl — a1a§ — 3a%a3 + 9ara;3

38p41 — 243 + 3ar

Spi2 = (mod p).

Proof. From Theorem 4.2 and Corollary 4.2 we know that
3 2 2 D
Ny(x¥* +aix"+ax+a3) =1 < sy 1#Far, aj —2a, (modp) < (;) = -1,

where D = a%a% - 4a% - 4a%a3 - 27a§ + 18a1ma;.
Let x be an integer such that x* + a;x? 4+ a»x + a3 = 0 (mod p). From Theorem
3.1 we see that

Spr1 = 3x% +2a1x +2a; (mod p)  and  sp40 = —2a1x° — (@} + a2)x — ayaz (mod p).
Thus
2a18p41 + 38p10 = (a% —3ar)x + aja; (mod p).

Hence applying Theorem 4.2 we get

1
Sp42 Eg{(a% —3a)x + arar — 2a15p41}

l VT Spt 1 + 2a1a; — 9asz

2
= a; — 3ar
3{( ! T 35,01 — 2d 4 3a)
—2a1s§+l + a?spﬂ — ala% — 3a%a3 + 9ara;

= dp).
3sp01 — 242 + 3ar (mod p)

+aiar, — 2a1s,,+1}

This proves the corollary. [
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Remark 4.1. Let p>3 be a prime, a),a,a3€Z, u, = uy(ai,az,az) and s, =
splar,ay,a3). If sp+17-éa27a% — 2a; (mod p), using Theorems 3.3 and 4.2 one can
obtain similar congruences for u,_; and u, (mod p) in terms of s, .

Theorem 4.3. Let p>3 be a prime, ay,ar,a3eZ, a= (a3 —3ay)’, b= —2a3+
9aiar — 27a3, D= —%(b2 —4a) = a%a% — 4a% — 4a?a3 — 27a§ + 18ayara; and u, =
un(ar, az,az). If ptab, then

3 if Duy , =0 (modp),
Ny b banx b as) = | 0 if Didy= (@ - 3ar) (modp),  (44)

I if Dil_,#0,(a} — 3az)* (mod p).

Moreover, ipr(x3 +a1x? + ayx + a3) = 1, then the unique solution of the congruence
x* + a1 x* + ayx + a3 = 0 (mod p) is given by

(—a%az + 6a§ —9aiaz)u,—» + a? — 6ajar +27a3
—bu,_> + 3(a} — 3a2)

X

(mod p).

Proof. If p|D, then N,(x*+ a;x* + ayx +a3) =3 by Lemma 4.1. Now suppose
pD. If (B) = —1, it follows from Theorem 3.2 that Du,_, — (aj — 3a2)u, o+ b=
0 (mod p). Since ptb we see that Duy , #0, (aj — 3a) (mod p). If () =1and &* =
D (mod p), by Theorem 3.2 we have Dul%_2 =0 or (¢} — 3a)* (mod p) according as
b/(3d)e Cy(p) or b/(3d) ¢ Co( p). Thus, Du>_, = 0 (mod p) if and only if there is an

i
integer d such that d>= D (modp) and b/(3d)eCo(p), and Du> , = (a? —

P
3a,)? (mod p) if and only if there is an integer d such that ¢> = D (mod p) and
b/(3d) ¢ Cy( p). This together with Lemma 4.2 gives (4.4).

Now suppose N,(x* +aix* + ax +as) = 1. Then (§) = —1 by Lemma 2.3. Let

Sy = sp(ay, az,as). From Theorem 3.1 we know that

sy = —ay (modp), s,41 = 3x% + 2a1x + 2a; (mod p),

Spi2 = —2a1X* — (@} + az)x — aja; (mod p).

Thus, by (3.3) we have
Du, , = — bx? + (2a‘1‘ - IOa%az + 6a§ + 18ajas)x + a?az

— 4a1a§ — 3a%a3 + 18ayas (mod p).
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Setting  y = Du, >, A= —b, B=2da}—10ata, + 6a3 + 18aja3 and C =aja, —
daya3 — 3atas + 18azas we find

(B—a1A)y + a;AC — a34*> — BC

= (—a?az + 6a§ —9aja3)Du, > + (a? — 6aja; + 27a3)D

and

Ay —ajAB+ axA*> + B> — AC = —bDu,_» + 3(a% —3a,)D.

If p|b, then pta since b*> —4a = —27D#0 (mod p). So Ay — a1 AB + a,A> + B> —
AC#0 (modp). If p|b* —2a, then pta and u, , = —3b/(a} — 3ay)? (mod p) by
Theorem 3.2. So

Ay — ) AB + a; A* + B> — AC = D(3b*(a* — 3ax) > + 3(d> — 3ar))

=9D(a? — 3a;)#0 (mod p).

If ptb(b* - 2a), it follows from Theorem 3.2 that Duy , — (a7 — 3a2)u, o+ b =
0 (mod p). Thus u, »#3(a} — 3az)/b (mod p) since ptb* — 2a. Hence Ay — a;AB +
@mA* + B> — AC#0 (mod p).

Now, by the above and Lemma 4.3 we see that the unique solution of the
congruence x° + a1 x> + ax + a3 = 0 (mod p) is given by

(B—a1A)y + a1 AC — azA*> — BC
Ay — a1AB + a,A* + B — AC
(—a%az + 6a§ —9aiaz)u,—» + a% — 6ajay +27a3
—bu,—> +3(a} — 3a2)

X

(mod p).

This completes the proof. [

Lemma 4.4. Let p>3 be a prime, ay,ay,a3€Z, and s, = sy(a, az,a3).

() If the congruence x* + a;x* + axx + a3 = 0 (mod p) has three solutions, then

—a
o —2(a] - 2a2)s;+1 + 8as (73> Sp41 + di — daja, + 8ajaz = 0 (mod p).
2 2 2

'Eh-b
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(i) If the congruence x* + ajx* + a>x + a3 = 0 (mod p) is unsolvable, then

a
syi1 — 205, bl +8a3< p3>s,,+1 + a3 — 4aya; = 0 (mod p).
2 2 2

Proof. Let x* + a;x*> + apx + a3 = (x — x1)(x — x2)(x — x3). Then 5, = x? + x4 + x5
for alln =0,1,2.... On setting z; = X»X3, z» = Xx1x3 and z3 = x;x; we find

p+1 p+1 p+1 ptl p+l p+1

Spe1 = Spr1 = (67 + X7+, P = el T T =2(22 52 422,

2
Thus

prl p+1 p+1

(50— spe1) =4z + 28T 12T 1 2((2122) T+ (2iz) 2+ () 2))

we get

—a
(541 —sp1) =AM 2P 2 —8ay (73)@,4_1 (mod p).
2 )

Observing that
2
Z1+ 2+ 23 = XoX3 + X1X3 + X1 X2 = @y, 212223 = (X1X2X3)" = a%
and

Z1Zy + 2123 + 2223 = (X] + X3 +X3)X1XQX3 = (—al)(—ag) =ayas

we see that z;, z and z; are the three roots of the equation z3 — ay2> + aja3z — a3 =

0. Hence s,(—ay, a1as, —a%) =z + z4 + Z5. So, by the above we have

a3
(sf,i] — sp+1)2 + 8a3 (T)S& =4s,.1(—a, a1a3, —a3) (mod p).
2 2
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That is,

S;il - 2sp+1s§i1 + 8as (%) s,%l + SIZ,_H — 45,1 (—az, a1a3, —a3) = 0 (mod p).  (4.5)
) 2

Now we claim that N,(z} — ayz? + aja3z — a3) = 0 or 3 according as N,(x* +
a1 x* + ax +a3) =0 or 3. If Ny(x* + a1x> + apx + a3) = 3, we also have N,(z* —
)z + ajazz — a%) = 3 since z; = X7X3, z» = x1x3 and z3 = x| x,. If Np(x3 +a;x* 4+
ax +a3) =0 and 23 — @22 + @ja3z — @ = 0 (mod p) for some integer z, then pfa;
and so pfz. It is easily seen that

az\3 az\ 2 a a
(*?3) +a; (*?3) +a; (*?3) + a3 = Z—g’( 3w+ ayasz — ag) = 0 (mod p).

This contradicts the condition N,(x* + a;x* +axx +a3) =0. So N,(x* +ax* +
ax +az) = 0 implies Ny(z* — a22> + ajazz — a3) = 0. Hence the claim is true.

If Ny(x*+a1x* +apx+a3) =3, then N,(z} —az? +aja3z —d3) =3 by the
above. From Theorems 4.1 and 3.1 we see that

Spr1 = d; —2a; (mod p) and s, 1(—ar, a1a3, —a3) = a3 — 2ajaz (mod p).
Thus, by (4.5) we have

—a
= 2(a% - 2a2)s§+1 + 8az <73)51i1 + a‘f - 4a%a2 + 8ajaz = 0 (mod p).
2 2 2

Eh-lk

If N,(x* + a1x* + arx + a3) = 0, then N,(z> — a2z> + aja3z — a3) = 0 by the claim.
Using Theorems 4.1 and 3.1 we see that

Spi1 = ax (mod p)  and s,y 1(—az, a1a3, —a3) = ajaz (mod p).

Thus, by (4.5) we get

—a
spyi1 — 2axs5, 1 + 8a; (#)Slﬂ + a5 — 4aya; = 0 (mod p).

2 2 2

We are done. O

Theorem 4.4. Let p>3 be a prime, ay,ay,az€Z, and s, = sy(ai,az,a3). If the
congruence x* + ayx*> + a;x +a3; =0 (modp) has three solutions and xo=

%((%‘”)s,il —ay)# —a; (mod p), then x = xo (mod p) is one of the three solutions of
2

the congruence x* + a1x* + ayx + a3 = 0 (mod p). Furthermore, if D = ad} — 4a3 —
4aiay — 2743 + 18a1axa3 #0 (mod p), then d* = D (mod p) for some integer d and the
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other two solutions of the above congruence are given by

1
xX= 4 % ((2a} — 6ax)x3 + (2@ — Tayaz + a3 Fd)xo
+ a%az - 4a§ +3aiazs Fard) (mod p).

Proof. Since sp,1 = (57)(2x0 + a1) we find
2

= = 2
=2xo+a)' — 2(a} — 2ay)(2x0 + ar)’

—a
sj;H —2(a} — 2a2)s12,+1 + 8a3 (73) Sp+1 + a} —ddday + 8ajaz
)

+ 8az(2xo + a1) + a‘lt — 4a%a2 + 8ajaz
= 16(xy + 2a1x) + (@} + a)x% + (a1as + a3)xo + a1a3)

= 16(xo + al)(xg + alxg + axxo + as).

Thus, by Lemma 4.4 we obtain (xo + a1)(xy + a1xj + a2xo + a3) = 0 (mod p) and so
X3 + a1x3 + axxo + a3 = 0 (mod p) since xo# — a; (mod p).

Now assume pt D. Since N,(x* +aix* + axx +as) = 3 we must have (2) = 1 and
so d*> = D (mod p) for some integer d. Suppose that x = xo, x, x2(mod p) are the
three solutions of the congruence x* + a;x? + a>x + a3 = 0 (mod p). Then clearly
X0 + X1 + x2 = —a; (mod p) and xox; + xox2 + X1x2 = ap (mod p). So we have x; +
X» = —a; — X (mod p) and therefore

(x0 — x1)(x0 — Xx2) =Xx0x1 + X0x2 + X1X2 + x% — 2x0(x1 + x2)

=a, + xé + 2x0(a1 + x0) = 3x3 + 2a1x9 + a> (mod p).

Observing that ((xo — x1)(x0 — x2)(x1 — x2))* = D = d? (mod p) by (4.1), we get
(x0 — x1)(x0 — x2)(x1 — x2) = +d (mod p) and so

d d
+
(x0 —x1)(x0 — Xx2) 7 3x3 + 2a1x0 + a»

X — X2 = &

(mod p).

This together with the fact that x; + x, = —a; — xo (mod p) yields

X 1 a;—xot d (mod p)
) ! 0_3x5—|—2a1x0+a2 P
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and
1 d
=_(-a—xFs5————) (modp).
= 2( @ x0+3x(2) + 2a;1xp +a2> (modp)
Since x3 = —(a1x3 + axxo + a3) (mod p) and so x§ = (a7 — a2)x3 + (@142 — a3)xo +

ajasz (mod p) one can easily verify that
(3x3 + 2a1x0 + @) ((2a} — 6ax)xj + (2aj — Taras + 9a3)xo + ajar — 4a5 + 3aaz)
= D (mod p).
Thus

d
3xﬁ + 2a1x9 + a»
(2a} — 6a2)x(2) + (2a% —Tayay + 9az)xo + alay — 4a3 + 3aja;
d

(mod p).

Now putting the above together we obtain the result. [

From Lemmas 2.3, 4.2 and [15, Theorem 4.1] one can easily prove

Theorem 4.5. Let p be a prime such that p = 1 (mod 3), a\,ay, a3€Z, a = (a* — 3a;)’
and b = —Za% +9a1ar — 27az with pJ(a(b2 —4a). Then the congruence X +axt+
arx + a3 = 0 (mod p) has three solutions if and only if there is an integer y such that
y?=b*> —4a(modp) and 4(b—y) is a cubic residue of p. Moreover, if y* =
b* — 4a (mod p) and z = z1,2y,z3 (mod p) are the three solutions of the congruence
23 =4(b —y) (mod p), then

(zi — a1)* +3(a} — 4a))

X
6Zl'

(modp) (i=1,2,3)

are the three solutions of the congruence x* + ax*> + ax + a3 = 0 (mod p).

We remark that Theorem 4.5 can also be deduced from the theory of cubic
equations.

5. The quartic congruence x* + ax? + bx + ¢ = 0 (mod p)

Let p be an odd prime. In the section we discuss the general quartic congruence
x* + ax? 4+ bx + ¢ = 0 (mod p).
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For the general quartic polynomial x* + a;x* + a,x? + a3x + ay let

3
a ay a
a=a ——, b:a3—7+§1, c=ay —

a,a; a%az 301‘11

4 16 256

and y = x + a; /4. Then we find
X rax o’ +ax+as =y +a +by+ec.

So we only need to study the congruence x* + ax? + bx + ¢ = 0 (mod p).
For a,b,ceZ define

D(a,b,c) = —(4a® + 27p*)b* + 16¢(a* + 9ab* — 8a°c + 16¢2). (5.1)

Then clearly
a*D(a,b,¢) =2ab*(a* + 12¢)* — 3b*(d® + 12¢)(2d® — 8ac + 9b?)
+ 4c(2d® — 8ac + 9b*)*. (5.2)
It is easily seen that D(a,b,c) is just the discriminant of the cubic polynomial y* +
2ay? + (a®> — 4¢)y — b%. So, if p is an odd prime, then the congruence y* + 2ay® +
(@*> — 4c)y — b*> = 0 (mod p) has one multiple solution if and only if p | D(a, b, c).
Lemma 5.1. Let p be an odd prime, and a,b,ceZ with ptb. Then the congruence
x* +ax? + bx 4+ ¢ =0 (mod p) has one multiple solution if and only if D(a,b,c) =
0 (mod p).
Proof. Let xpeZ. It is clear that
x =X (modp) is a multiple solution of x* 4 ax® + bx + ¢ = 0 (mod p)
< X) +axj +bxg+c=0(modp) and 4x} 4 2axy+b =0 (mod p)

<= b= -2x)(2x) +a) (modp) and a*—dc=(2x5+ a)* + 4bx, (mod p)

4 3 2
o 2a= 0t b (modp) and o —4c= b—z + 4bx, (mod p)
X0 4X0
3 2 2 2 b\ 2
<y 4 2ay°+ (" —4dc)y — b = (y_2_x0> (y — 4x3) (mod p)

=y= % (mod p) is a multiple solution of
0

¥+ 2ay* + (a* — 4c)y — b* = 0 (mod p).
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So
x* 4+ ax® + bx + ¢ = 0 (mod p) has one multiple solution
<3 +2ay* + (a® — 4c¢)y — b* = 0 (mod p) has one multiple solution
< D(a,b,c) =0 (mod p).
This proves the lemma. [

Remark 5.1. If p>3 is a prime, a,b,ceZ, ptb and p|D(a,b,c), one can verify that
the congruence x* + ax? + bx + ¢ = 0 (mod p) has the following multiple solution:

~3 (mod p) i 2a* —8ac +9b* = 0 (mod p),
a —% (mod p) if 2a® — 8ac + 9b*#0 (mod p).

Lemma 5.2. Let p be an odd prime, a,b,ceZ and ptbD(a, b, c). If there is an integer y
such that y* + 2ay* + (a* — 4¢)y — b*> = 0 (mod p) and (}‘—7) = —1, then the congruence
x* +ax? + bx + ¢ = 0 (mod p) is unsolvable.

Proof. If x = x; is a solution of the congruence x* + ax? + bx + ¢ = 0 (mod p), then
clearly

X b ax? + bx + ¢ = (x — x0) (X} + xox* + (xF + a@)x + xj +axo + b) (modp)  (5.3)

and
2 2
(x(z) + —) = —bxo + £ (mod p)
Since pty we see that
, a4 N2, y*+2ay +a® — 4c b\*
(xo +§ +§) = yxy — bxo + 2 =\ X — 5 (modp). (5.4)

If xo#b/(2y) (mod p), then (7) = 1 by (5.4). This contradicts the condition (7) =
—1. If xo = b/(2y) (mod p), we must have x5 = —(a¢ + y)/2 (mod p) by (5.4). This
yields 4x3 + 2axy + b = 0 (mod p). Hence x = x( (mod p) is a multiple solution of
the congruence x* + ax? + bx + ¢ = 0 (mod p) by (5.3). Using Lemma 5.1 we see that
D(a,b,c) =0 (mod p). This is also a contradiction. Thus the congruence x* + ax? +
bx 4+ ¢ =0 (mod p) has no solutions. [
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Theorem 5.1. Let p be an odd prime, and a,b,ceZ with ptbD(a,b,c).
If Ny(x* 4+ ax? +bx+¢)>0, then N,(x*+ax?+bx+c)=N,(® +2a)* + (¢* —
4c)y — b*) + 1.

Proof. Suppose that xo (mod p) is a solution of the congruence x* 4+ ax?> + bx + ¢ =
0 (mod p). For u = —x — x( one can easily verify that

uP + 2x0 + (2x% + a)u — b = — (x> + xox* 4+ (X} 4+ a)x + x3 + axo + b).

Thus, by (5.3) we have
X b ax? + bx + e = —(x — x0) (8 + 2x0u* + (2x3 + a)u — b) (mod p).
So

N,(x* +ax? + bx +¢) = 1 + N, + 2xou* + (2x% + a)u — b).

Set f(u) = u® + 2xou* + (2x3 + a)u — b. We claim that f(—u)#0 (mod p) when
f(u) =0 (modp). If f(u) =f(—u) =0 (mod p), then f(u)+f(—u) =0 (mod p) and
ptu since ptb. This implies that 2xou> —b=0(modp) and u*>+2x3+a=
0 (mod p). So 4x3 + 2axo + b = 0 (mod p). This together with (5.3) shows that x =
xo (mod p) is a multiple solution of the congruence x* + ax? + bx + ¢ = 0 (mod p).
Hence D(a,b,c) =0 (modp) by Lemma 5.1. This contradicts the condition
ptD(a,b,c). So the claim holds.

Clearly,

fu) f(—u) = 2xot> — b)* — (i* + (2x2 + a)u)*

= —u® — 2au* — (4x} + daxj + 4bxo + a®)u* + b*

= — (u® + 2au* + (a* — 4c)u* — b?) (mod p). (5.5)

Hence, if /(1) = 0 (mod p) for some ueZ, then y = u? (mod p) is a solution of the
congruence * + 2ay* + (a* — 4c)y — b> = 0 (mod p). Conversely, if yeZ satisfies
v} +2ay* + (a*> — 4c)y — b*> =0 (mod p), then y =u? (modp) for some ueZ by
Lemma 5.2. So f(u) = 0 (mod p) or f(—u) = 0 (mod p) by (5.5). By the above claim,
f(u) =0 (mod p) implies that f(—u)#0 (mod p). So we have N,(x*+ ax?+ bx +
¢) — 1= N, + 2xou® + (2x3 + a)u — b) = N,(y* + 2ay* + (a> — 4c¢)y — b*). This
completes the proof. [

Now we give
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Theorem 5.2. Let p>3 be a prime, and a,b,ceZ. Then the congruence (¥)x* + ax* +
bx 4+ ¢ =0 (mod p) has one and only one solution if and only if the congruence (xx)
¥} +2ay* + (a* — 4¢)y — b* = 0 (mod p) is unsolvable. Moreover, if (x*) is unsolvable,
then the unique solution of (x) is given by

_ 1, 2
x:4b(a -5, )(modp)

where {S,} is defined by
So=3, Si=-2a, S=2d"+38c,

Sz = —2aSu2 + (4c — a*) Sy 1 + S, (n=0,1,2,...). (5.6)

Proof. If N,(x* + ax? 4+ bx + ¢) = 1, then clearly ptb and so pt D(a, b, ¢) by Lemma
5.1. From this and Theorem 5.1 we see that N,(» + 2ay? + (a* — 4c)y — b*) = 0.
Now suppose that the congruence )3+ 2ay® + (a> —4c)y — b*> =0 (mod p) is
unsolvable. Then clearly p+b and p}t D(a, b, ¢). It then follows from Theorem 5.1 that
N,(x* +ax? + bx+¢) =0 or 1. To see the result, we only need to show that xy =

w(a> —4c— Sz+1) satisfies the congruence x{ + ax3 + bxo + ¢ = 0 (mod p).
T
Let a; = 2a, a» = a* — 4c and a3 = —b?. Then the congruence x> + a;x> + arx +
a3 =0 (modp) is unsolvable and S, =s,(a;,a2,a3). Applying Lemma 4.4
we find

1 2 1 2
X% :@(az —4C— S@) = —@(Gz — S@)

_ 1 —daj - 1
:@(8&3 (7) S],%l - 4a1a3> =5 (S%l a) (mod p).

Thus

1
Xg +axi +bxo+c =~

This completes the proof. [
From Theorems 5.2 and 4.1 we have

Theorem 5.3. Let p>3 be a prime, and a,b,ce”.
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() If @®> +12¢#0 (mod p), then the congruence x* + ax* + bx + ¢ = 0 (mod p) has
one and only one solution if and only if S,.1 = a®> — 4c (mod p), where {S,} is given
by (5.6).

(i) If @*> + 12¢ = 0 (mod p), then the congruence x* + ax* + bx + ¢ = 0 (mod p) has
one and only one solution if and only if p =1 (mod3) and 8a> +27b* is a cubic
nonresidue (mod p).

Proof. Obviously (2a)* —3(a® —4c¢) = @+ 12¢. If @+ 12¢#0 (mod p), using
Theorems 5.2 and 4.1 we see that

N,(x* +ax? +bx+c¢) = 1= N,(b* + 2ay* + (a* — 4c)y — b*) =0
= S,.1 =d — 4c(mod p).

This proves (i).
Now suppose a* 4+ 12¢ = 0 (mod p). Setting x = 3y + 2a we find

1
V4 2ay* + (a*> — 4c)y — b* = 77 (x* — (84 + 27h%)) (mod p).

This together with Theorem 5.2 implies that

N,(x* +ax?* +bx+c¢) =1
<N, +2ay* + (@* — 4c)y —b*) = 0
< x* =84 +27h* (mod p) is unsolvable

<p=1(mod3) and 8a’ +27h* is a cubic nonresidue (mod p).

So the theorem is proved. [

Theorem 5.4. Let p>3 be a prime, a,b,ceZ and ptbD(a,b,c). Then congruence
(%) x* + ax? + bx + ¢ = 0 (mod p) has exactly two solutions if and only if congruence
(x%) ¥y +2ay* + (a* — 4¢)y — b*> = 0 (mod p) has one and only one solution and the
unique solution of (xx) is a quadratic residue modulo p. Furthermore, if y = u> (mod p)
is the unique solution of (xx) and v* = —u* — 2au* — 2bu (mod p), then the two
solutions of (x) are given by x = L(u£2) (mod p).

Proof. If N,(x* + ax? + bx + ¢) = 2, using Theorem 5.1 and Lemma 5.2 we see that
N,(3® +2ay* + (¢®> — 4c)y — b*) = 1 and the unique solution of (xx) is a quadratic
residue (mod p).
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Conversely, if y = u? (mod p) (ueZ) is the unique solution of (xx), then N,(x* +
ax? 4+ bx +¢) = 0 or 2 by Theorem 5.1. It is easily seen that

V4 2ay* + (a* — 4c)y — b*

w* + 2a 2 W2 (u? + 2a)? — 4b>
:<yu2)<<y+ ) ) mod ).

Thus,

(—u“ —2au® — 2bu> (—u4 — 2au* + 2bu> (Ut 2a)” — AP »
p p p '

So we may choose the sign of u so that (W) =1

Now suppose (W) =1 and v* = —u* — 2a’® — 2bu (mod p) with veZ.
Then clearly

1 v 2_1 5 —ut —2au® — 2bu 1 b
(§<uia)> :Z<u + " i2v) —5(—a—;iv> (mod p)

(2+b2+ib+ 2<a+é>v>

<a2+ (—u —2a’ +b2> +2ab—2bu+2(a+b> >
(

(

@ + (a® — 4¢) +2aub2bu$2<a+z)v>
a2—2c+%—bu$ <a+i)v> (mod p).

So

<%<u+z>)4+a(;<u+”>)1b 1< “>+c

This shows that congruence () has two solutions x = (u+2) (mod p) since pto.
Hence N,(x* + ax? + bx + ¢) = 2 and the proof is complete. [
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From Theorems 5.4 and 4.2 we have

Theorem 5.5. Let p>3 be a prime, a,b,ceZ, ptbD(a,b,c), and let {S,} be given by
(5.6). Then Ny(x* + ax? +bx +¢) =2 if and only if Sy1 #a* — 4c¢,2a*> + 8¢ (mod p)
and (4a® — 16ac +9b*> —2aS,1)/(—5a*> — 12¢ +3S,11) is a quadratic residue
(mod p). Moreover, if the above condition holds, then the two solutions of the
congruence x* + ax* + bx + ¢ = 0 (mod p) are given by x = $(u+?2) (mod p), where u
is determined by

2= 4a® — 16ac + 9b* — 2aS,

—5a% — 12¢ + 3Sp41

—u* —2au* — 2b
(modp) and <u a u):l,

p
and v is given by v = —u* — 2au* — 2bu (mod p).

Proof. Let a; = 2a, ap = a*> — 4c and a3 = —b>. Then clearly a? — 2a, = 24> + 8¢
and

2a1ay — 9a3 — a1 Sy 4a° — 16ac + 9b* — 2aSp+1
—2a3 +3ay + 38,11 5% —12¢+ 38,4,

Now, applying Theorems 5.4 and 4.2 we obtain the result. [

Now we point out the following criterion for Np(x4 + ax? + bx + ¢) = 4, which
can also be deduced from Galois theory.

Theorem 5.6. Let p>3 be a prime, a,b,ceZ and ptbD(a,b,c). Then congruence
() x* +ax®> + bx +c =0 (modp) has four solutions if and only if congruence
(%) > +2ay* + (a* — 4¢)y — b*> =0 (mod p) has three solutions and all the
three solutions are quadratic residues modulo p. Furthermore, if y=ui, u3,
uj (mod p) (uy,ur,us€Z) are the solutions of (xx) such that uyurus = —b (mod p),
then the four solutions of () are given by

Uy +ur+us Uy —up—u3 —uUpt+uy—uz —up —uy+u3
2 ’ 2 ’ 2 ’ 2

X

(mod p).

Proof. If N,(x*+ ax? + bx + ¢) = 4, it follows from Lemma 5.2 and Theorem 5.1
that N,(y* +2ay* + (a* — 4c)y — b*) = 3 and all the three solutions of congruence
(*x) are quadratic residues (mod p).

Now suppose that y = u},u3,u3 (mod p) are the three solutions of (xx) such that
ujupus = —b (mod p). From Vieta’s theorem we have

ul + 5 +ui = —2a(modp), wuiul + il +uiui = a* — 4e (mod p)
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and
utudul = b* (mod p).

Using this one can easily verify that

x= %(u] + uy +u3), %(ul — Uy — u3), %(—ul +upy —u3), %(—ul —up + u3) (mod p)

are the solutions of congruence (x). Since ptD(a,b,c), we see that (xx) has no
multiple solutions. So

ul£u3 (mod p), ul#ui (modp) and u3#u3 (mod p).
Hence the above four solutions of () are distinct. This completes the proof. [

Theorem 5.7. Let p>3 be a prime, a,b,ceZ and p}(a* + 12¢)bD(a,b,c). Then the
congruence () x*+ax* +bx+c=0(modp) has four solutions if and only if
Sp—1y2 = 3 (mod p) and S, = 2a% + 8¢ (mod p), where {S,} is given by Sy =3,
Sy = —2a, S, =2a*+8c and S,.3 = —2aS,12 + (4¢ — a*)Syy1 + b*S, (n=0).

Proof. Clearly S, =s,(2a,a> —4c,—b?). From the fact that p}a®+ 12¢ and
Theorem 4.1 we see that N,(3* + 2ay? + (a*> — 4¢)y — b*) =3 if and only if S, =
2a%> + 8¢ (mod p). If y = y1, 2,3 (mod p) are the three solutions of the congruence
¥+ 2ay* + (a*> — 4c)y — b*> = 0 (mod p), then clearly y;y,y3 = b (mod p) and so

p=t  pl pl
Spa=y7 A+t = (y_l>+(2>+<y_3>
2 p P p
_ { 3(modp) iF G)=()=6G=1

—1 (mod p) otherwise.

Thus, y1, 2, y3 are all quadratic residues of p if and only if S(,_;)/» = 3 (mod p). Now
applying Theorem 5.6 we obtain the result. [

From Theorems 5.2, 5.4, 5.6 and Lemma 5.2 we have the following conclusion.

Theorem 5.8. Let p>3 be a prime, a,b,ceZ and p{bD(a,b,c). Then N,(x* + ax* +
bx + ¢) = 0 if and only if there exists an integer y such that y* + 2ay* + (a> — 4c)y —
b =0(modp) and (}) = —1. When N,(x*+ax’ +bx+¢)>0 we have Ny(x*+

ax? + bx +¢) = N,(3° + 2ay* + (a®> — 4c)y — b?) + 1.

Theorem 5.8 is equivalent to the following result.
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Theorem 5.9. Let p>3 be a prime, and a,b,ceZ with ptbD(a,b,c). Then
Ny(x* +ax* + bx+¢) =1 —i—Z(J’;),
¥

where y runs over the solutions of the congruence (%) y* + 2ay* + (a* — 4c)y — b*> =

0 (mod p).

Proof. If the congruence (*x) is unsolvable, then N,(x*+ax?+bx+c) =1 by
Theorem 5.2. If y = y (mod p) is the unique solution of (xx), using Theorems 5.1
and 5.4 we know that N,(x*+ax? + bx +¢) =0 or 2 according as (%0) =—1or

() = 1. If y = y1,¥2,y3 (mod p) are the three solutions of (xx), then (1)(5)(3) =

(H2) = (bp—z) =1. When (}) = () = (5) =1, it follows from Theorem 5.6 that

N, (x* + ax? + bx + ¢) = 4. Otherwise N,(x* + ax? + bx + ¢) = 0 by Lemma 5.2. So
the theorem is proved. [

Remark 5.2. In [10] Skolem obtained the result which is close to Theorem 5.9.
However, his condition includes the value of the Legendre symbol (g), where D is the

discriminant of the given quartic polynomial f(x), and p is a prime greater than 3
such that p4 D. Compared with Skolem’s condition, the condition of Theorem 5.9 is
more simple.
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